Advances in Analysis, Vol. 1, No. 1, July 2016
18 https://dx.doi.org/10.22606 /aan.2016.11003

Some Embedding Theorems on the Nikolskii-Morrey Type
Spaces

Ali Akbulut!, Ahmet Eroglu? and Alik M. Najafov34"

'Department of Mathematics, Ahi Evran University, Kirsehir, Turkey
2Nigde University, Department of Mathematics, Nigde, Turkey
3Institute of Mathematics and Mechanics of NAS of Azerbaijan, Baku, Azerbaijan
4 Azerbaijan University of Architecture and Construction, Baku, Azerbaijan
Email: nadjafov@rambler.ru
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1 Introduction

In the paper, we introduce a Nikolskii-Morrey type space with parameters. By Hzlw, Q(G) we denote the

spaces of all functions f € LY(G) (m; > I; — k; > 0,4 = 1,2, ...,n) with the finite norm
Hf”Hzla,w‘/%(G) = ||f||p,s07ﬂ;G

e ],
+ Z 0 sup li—k;
3 0<h<ho wi (h)

: (1.1)

where

p,Gg,(t)(x)) ) (1.2)

-8

1 lpie:6 = I ll2y sy = sup (I (01 1]
z€G,t>0

l e (O,oo)”, m; € N, ki € No, p € [1,00), [t]l - min{lat}v @(t) - ((,01(t)7~--7<,0n(t)), ’W([t]l)’

n

IT (5 (1E1)) ™™, 85 €10,1], 5 = 1,2,...,n.

j=1
Denote by A the set of vector functions ¢(t) = (¢1(t), ..., pn(t)) with Lebesgue measurable functions
@;(t)>0,t>0, tlirJrrl()(pj(t) =0, tlig_n pi(t)=00,5=1,2,...,n.
= —+oo

For any x € R",
1 .
Gowy (1) =GNl () =GN {y Hy; — sl < igoj(t), ji=1,2, ,n} .

Let for any t > 0, | ([t]1)| < C, where C is positive constant. Then the embeddings Ly, , 3(G) = Ly(G)
and H'  5(G) — H.(G) hold, i.c
[fllp.c < el fllpp,8:6
||fHH;,(G) <c ”fHHIl))%H(G) -

Note that the spaces L, , 3(G) and H;la,w,ﬂ(G) are Banach spaces. The completeness of these spaces
automatically implies from completeness of L, and Hzl,. The space Hzl)% 5(G), when ¢;(t) =19, B; = %

(j =1,...,n) coincides with the space H), , (G) = Hzl)’A introduced by J.Ross [13], in the case §; =

0(j =1,...,n) it coincides with the Nikolski space H! (G).The space Wzi,go,ﬂ (G) was introduced and
studied in [12]. The spaces of such type with different norms were introduced and studied in [2]-[11].
Note some properties of the spaces L, ., 3(G).

1. The space Ly , 3(G) is complete.
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Proof. Let {f;};=, be the fundamental sequences in L, ., 3(G), i.e. for any i,j — oo

Hfl - fjHLP,wﬁ(G) - 07

It means that Ve > 0, Ing € N, Vi,j > ng

Ifi = fillL, . sc) <&

In other words Ve > 0, dng € N, Vi,j > ng

sup (107 15s = fillpc @) <=
zeG,t>0

and for any z € G, Vt > 0
1fi = £l

ie. {fi};2, is a Cauchy sequence in L, (Gw(t)(x)). The space L,(G) is complete, therefore there is a
function fo € L,(G),1 — oo, for x € G, for any t > 0, Ve > 0

P.Gyy(x) <€

IIfi = fOHLp(Gw(t)(E)) — €
then
()21 fi = foll Ly (G @) = €
i.e.
Ifi = fo
I follpw.8:c = Il.fi = f0||Lp,¢,[a(G) + ||fi||L,,,g,,ﬁ(G) <e1+M=¢g

[follp.e.5:6 < €2:f0 € Lp,g,5(G).
2. Let G be a bounded domain and p < g; p(t) < (t)(t > 0); Ic > 0,Vt € (0,1), [(t)|* < c|p(t)]?,
and then Lg y 3, (G) = Ly, 3(G) and there exists C' > 0 such that

P86 <&,

||pr,w,B;G < CHqu,w,ﬁl;G-

Proof. . For any t > 0, x € G we have

()71 f

|9,G ooy ()

1_

< (1) 7P (mesG e ()7~ [ (DI D™ 1 Fllg.6pee (o)
and

I/

Definition 1.1. The open set G C R™ is said to be an open set with condition of flexible p-horn if for
some 0 € (0,1]", T € (0,00) for any = € G there exists the vector-function

P86 = OHf”%val;G'

p((p(t),l') = (pl (‘Pl(t)’x) s Pn ((,Dn(t),l‘))7 0<t<T

with the following properties:
1) For all j =1,2,...,n, p; (¢;(t),z) are absolutely continuous on
[0,TY, |pj (¢;(t),x)] <1 for almost all ¢t € [0, T,

2) p; (0,2) =0, x4+ V(z,0) =2+ 0<EJ<T [p(p(t),z)+p(t)0I] C G.

In particular, for ¢(t) = t*, (t’\ = (t’\l,t’\z, ...,t’\“)) and 0; = 0% (j =1,...,n) the set z + V(x,0) is
called the flexible A-horn introduced in [1].
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Assuming that @;(t) (j = 1,2,...,n) are also differentiable on [0,7], we can show that for f € H.(G)
determined in n- dimensional domains, satisfying the condition of flexible ¢-horn, it holds the following
integral representation (Vo € U C G)

n T
Dt (a) = Fot @+ (0" Y [
0
X Gi ( P

wi(t) wult
s v—2 Ph(t)
flaty+ “60}1 (g (077" gy dtdudy, (1.3)
( (x) = —2 vi( (v) y  ple(t) )
R/R/” <¢<T 20(1) )

p(p(t),z)
e <so @) 2000
Let M; (-,y) € C§° (R™) be such that

> flz+y+2)dydz. (1.4)

1 )
S () € Ty = {111 < 5930 5 =12an].

Assume 0 < T <1 is fixed and

It is clear that V C I«). Let U +V C G.

Lemma 1.2. Let 1 <p<g<r<oo; 0<n,t<T <1 v=(v,vo,..,), ;>0 are integers,
J=12,...,n; A" (h) € Ly, 3(G) and let

T

o . —v—(-gm) (3-1) _ it

@ = [TL ety 20 g <o
0

(#:(0)
A(xz) =jf[lRZR[f(x+y+z)m (it)’%)
0 (@(T), p(jﬁi’)@) Fle+y+2)dydz, (1.5)
) (a) = / L) [ st 20 (1)
Hyp (z) = /T L (”’“””jﬁ (st~ £, )

where

X (wfét)’ - (Qfﬁfa)i =

o (i(0). :c>> AT (o () w) F (e +y +ue) dudy  (L8)
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Then for any T € U the following inequalities

—li Am;
SupH UH‘IUw(s) )< Cl H(‘PZ(t» Ai (‘Pi(t)aG@(t))f e
< Q| TT (w5 (1g1)™ (1.9)
j=1
=li Am;
sup [,y < Co| (o)™ A (). G S|
Qurl T (s ([€10)™ 7, (1.10)
j=1
v~ (1-Bp) (- 1) -
sup [ Al ) < Wl T (i) 02w (4 H (wyl€h) ™7, (1.11)
Jj=1 Jj=1
is hold, where Uy ) () = {x : |z; — 7| < 19;(€),5=1,2,...,n} andp € N, Cy, Cy are the constants

independent of v, £, 1 cmd T.

Proof. Applying sequentially the Minkowski generalized inequality for any T € U

i @i (t)
H "HqUws)(I /HL HqUw(s)(I)H ;)" 2?@)6%’ (1.12)

and from the Holder inequality (¢ < r) we have

ﬁ\"‘

||L ( )HqUw(g) x) — ||L ( ||TU1/1(§) m) H Q/Jj E (113)

Now estimate the norm ||Li("t)||qU,J,(5)(E)- Let X be a characteristic function of the set S (M;) =
supp M;. Noting that 1 < p <r < 0o, s < r, represent the integrand function (1.8) in the form

Sl=

—+o00
/ MG A™ fdu| = gAmffdu \Mils

T oamsal x (y) (M)

and apply to |L;| the Holder inequality ( + (5 — %) + (l _ %) = 1) , we obtain

+oo

n (_u pilei(t),T) 1, )
||Lz< 7t)||r,Uw(g)(§) < relfllf;(i) R[L / Cz ((Pi(t), (Pz(t) ) 2pz (@(t),.’l?)

oo

K A (4(8)) F (2 + y + ues) dul’ x (wz(/t)> dy) .

+oo

| |G e i)

Uy (e)(@) =0
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For any x € U we have

+oo

(e
R

" oo

X AT (00 (8)u) f (x4 y -+ uer) dul” (y) dy

+o0o
‘ u_ eileil),z 1 x ™i (. () u ues) du
= / ~ UQ(%@)’ ©i(t) s 5P ((2), ))Az (i (6) u) f (y + ue;) d
UAV) () (@)

oo

] pli
< (pi(t)) eit) wilt) 72

X AT (01 (8) w Go) fully ¢ o

+oo
L/ G (S P S 0. ) it
< @i i ()70 AT (05 (0w, G [ TT (05 0)F

Forye Vand Uy +V C Gy, (([t]) < ¥([th))

/ UOOQ< - pi(wi(t)ﬂ)»éﬁé(@(ﬂ»%))A?‘(w(5)u)f(x+y+uei)du

p

dxr

eit) @it

Uy(e) () oo

+oo

' . pi(@i(t),x)l{ T Mi (o (8 u) f (xz + ue;) du

SG /() U Q(%(t)’ o) 2 el )> AT (i (8)u) f ( + ue;) d
e

P

dzr

oo

e i 2452 )

oo

x@i(t) AT (i (), Gopqry) fdqu,Gw(t)(E)

< (i)™

< @it foi(t) A (01 (8) . G|, TT s (1€10) >
j=1

/

From inequalities (1.14)-(1.17) it follows that

dy = | M[l7 - TT wi®).

j=1

oy ple).x) .
ui (G P e 10:0)

124 Dllew, < DL, - s~ AP (e 1] oate)™

n n
Bjp

x [T (o5 )7 2G5 T (5 (1€1)) -

Jj=1 J=1

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)
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Inequality (1.11) is proved analogously. a

Inequalities (1.12), (1.13) and (1.18) for r = ¢ and for any T € U reduce to the estimation

1Hill g, < O [ A7 ) 1|
QT ws(e) s (@) < o). (1.19)
j=1

In the case QZ,T < oo inequality (1.10) can be proved in the same way.
From inequality (1.18) for » = ¢ and (1.19) we get the inequality (VZ € U)

n 2
P N OGNS

j=

—1l; my
S 1 Zill, @) < O [(0il) ™" AT (01l0). Go) S|

—

s it A (e Goo) o TT )™

Jj=1

SUPH TIHqUw(O )<

From last inequalities it follows that

il < G || (60) ™ AT (0(8), Gy f (1.20)

)
P, B8;G

123 <G

q,¢,BY;U (@i(t))_li A:nl (@i(t)v Gﬁa(t)) pr#Pvﬁ;G ' (121)

C1 and CY are the constants independent of .

2 Main Results

Prove two theorems on the properties of the functions from the space H, ! o (G, \).

Theorem 2.1. Let G C R" satisfy the condition of flexible p-horn, 1 < p<qg<oo,v= v,V . Vp),
v; >0 be entire j = 1,2,..,n, Q% < oo (i = 1,2,...,n) and let f € H (pﬁ(G A). Then the following
embeddings hold

DY HZZMP,B(G) - Lqﬂlf,Bl(G)a

more precisely, for f € H (G, \) there exists a generalized derivative DY f and the following inequalities

p N
are valid
DY fllg,c < C1 (B fllgw.8:¢
A" (pi(¢), G f
+ Z |QT sup 7 ( li‘P(t)) , (21)
0<t<to (pi(t)) o BiC
||Dyf||q,1j),ﬁ1;G <O ||fHH;£,sa.,B(G’)‘) , p < g <oo. (2.2)
In particular, if

[T {1

; i)t @it
T,O:/H —(1=B5p)3 P——tdt <oo,(i=1,2,...,n), (2.3)

/4 (pi(t)
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then DY f () is continuous on G, i.e

sup D" f(@)] < CL (B fllp.e.8:¢

AT (@i(t), Go) f
(i)

0<T <min{l,Tp}, Ty is a fixred number; Cy, Cq, C3, Cy are the constants independent of f, also C;
and C5 are independent from T.

(2.4)

n
+ Q| sup
i=1 0<t<to P, 0;G

Proof. At first note that in the conditions of our theorem there exists a generalized derivative D¥ f on G.

Indeed, from the condition Q% < oo for all (i = 1,2,...,n) it follows that for f € Hzlmpﬁ(G) — HL(G),

there exists D¥ f € L,(G) and for integral representation (1.3) and (1.4) with the same kernels is valid.
Applying the Minkowski inequality, from identities (1.3) and (1.4) we get

v ) (i
121l < [ £50n |, ¢ + X Wl (25)
By means of inequality (1.11) for U = G, M; = K}, t =T we get

()
wa(t)

<|If

‘q,G

P BiG H (p;(t) o~ (G=3) I wstiel)™ =

j=1

< CIA(t)Hpr,w,B;Ga (2'6)

and by means of inequality (1.9) for n =T, M; = K!, U = G, we get

5], 6 < C2Q% (0 (0) ™" AT (03(0), Goi) S (27)

p,p.8;G

Substituting (2.7) and (2.6) in (2.5), we get inequality (1.21). By means of inequalities (1.20) and
(1.21) for n = T we get inequality (2.2).

Now let conditions (2.3) be satisfied, then take into account identities (1.3), (1.4), from inequality
(2.5) we get

AT (@i(t), Go) f
(ps(t)"

As T — 0, the left side of this inequality tends to zero, since fél&) (z) is continuous on G and the

0<t<tg

s -0 < ool
=

P,p,B8;G

convergence on L. (G) coincides with the uniform convergence. Then the limit function DY f is continuous
on G. 0

Let ~v be an n-dimensional vector.

Theorem 2.2. Let all the conditions of Theorem 1 be fulfilled. Then for Q4 < oo (i =1,2,...,n) the
derivative DY f satisfies on G the Hélder generalized condition, i.e the following inequality is valid:

1A (.G D"l < Cllflls - Ih (1l T (2.8)

where C is a constant independent of f, |y| and T.
In particular, if QiT’O <oo, (i=1,2,...,n), then

sup |4 (4, G) DV f (2)] < C|fll s _

(Gy) * |h0 (|7| 7903T)| . (29)
zeG

B

where h (1, ,7) = max {71, Q1. Q.7 b (o (1], 7) = max {171, Q100 @l 0 )
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Proof. According to Lemma 8.6 from [1] there exists a domain
G, CGw=(r(z),(>0r(z)=p(z,0G), z € Q)

and assume that |y| < w, then for any = € G, the segment connecting the points z, z 4~y is contained in
G. Consequently, for all the points of this segment, identities (1.3), (1.4) with the same kernels are valid.
After the same transformations, from (1.3) and (1.4) we get

401.6) D" @) < [T (este) ™

X//|f(x+y+z)|‘g(l/) <y—7 p(so(t),x)>

s p(t) " 2p(t)
st [ Tl 2t L) -
=110 R» o0
x [K®) (gf(/t) ’W) ’ |AT (5 (6) ) f (z + y + ue;)| dydudt

Q( u  pi(pi(t

’x)) 1 /
o) e 20 ”) ’

T +o0
Sl G )
X /1 |A™ (0 (0) u) f (z + y + vy)| dvdudydt

0
n

zclA('r”Y)+CQZ(E(Q;7’Y)+F($77))’ (2'10)

i=1

where 0 < T < {1,7p}. Additionally, we assume that |y| < T. Consequently, |y| < min (w,T). If
xz € G\ G, then
A(v,G) D" f () =0.

By inequality (2.9) we have

1A (G D fllge < 1Ay 6.

2 (12l +1F ) ) (2.11)

[7]

Az,7) < ﬁl(%’(t))”z/dC//If(fv+C€w+y)l

0 R‘IL R'n.

0y P55 (5 20

Taking into account e, + G, C G, and applying the generalized Minkowski inequality, from inequality
(1.11) for U = G, we have

X

A6, < CrllIf]
By means of inequality (1.9), for U = G, n = || we get

1B ()l < Co |@y|[|esto) ™ A7 (i(0), Goe)

p,¢,53;G - (212)

(2.13)

p,¢.3;G
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and by means of inequality (1.10) for U = G, n = || we get

i —li Am;
I (e, < Os|@yr| (i)™ A (i), Gow) 1 - (2.14)
From inequalities (2.11) and (2.12)-(2.14) we get the required inequality.
Now suppose that |y| > min (w,T). Then
1AM, G) D" flly o < 21D" flly ¢ < C WD) ID" flly ¢ [h (Il @ T
Estimating for |[D” f||, s by means of inequality (2.1), in this case we get estimation (2.8). O
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