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Abstract. This research work investigates the effect of Poynting-Robertson (P-R) drag on the
stability of the triangular libration points of the Restricted Three Body Problem (RTBP) when the
primaries are considered to be oblate spheroid as well as sources of radiation. We established the
equations of motion, which incorporated the perturbing forces, for the system. Using linear
approximations, we obtained the triangular libration points in terms of the perturbing parameters
and found that they were affected by them. Due to the nature of the characteristics equation
corresponding to the variational equations of motion of the system obtained, we employed Murray’s
criteria and concluded that the triangular libration points remained unstable.
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1 Introduction

The Restricted Three Body Problem (RTBP) is the motion of an infinitesimal body in the field of two
bodies of finite masses which revolve in circles around their barycenter. In the classical case, [37] showed
that the RTBP possesses five equilibrium points, three collinear ( L;,L,,L, ) which are seen to be

1772

unstable and two triangular (L,,L,) points which are stable forO < 4 < u , where u is the mass ratio

and g is the critical mass value. [33] obtained the complete solution of the problem and established

the existence and stability of equilibrium points for all values of mass ratio. [28] also analysed the
stability of the RTBP. They formulated the equation of motion using the Lagrange’s-Hamiltonian
technique. Here, perturbing factors (radiation, varying masses, atmospheric drag, solar wind drag,
oblateness, triaxiality, coriolis and centrifugal forces, etc.) were not put into consideration in
determining the stability of the RTBP.

One of the immediate generalizations of the RTBP is the photogravitational problem. Several authors
have generalized the classical case by taking into account the photogravitational effect on the RTBP.
[24] was the first to formulate the photogravitational RTBP. He studied the linear stability of the five
libration points in the planar case. [15] studied the stability in the Liapunov sense with one of the
primaries radiating. [21] showed the astronomical applications of the stability problem by considering
the influence of radiation pressure from the sun in the planet-satellite-particle system. [14], [10], [12], [16]
and [17] also worked on the similar problem.

These results were further modified by considering the shape of the planetary bodies. [20], [39], [30],
[13], [1], [4] and [35] studied the stability of the RTBP with either one or both of the primaries being
oblate spheroid and radiating.

[29], [6], [31], [38], [32], [2] and many others investigated the case of triaxial primaries with radiating
effect.

In addition, the effect of small perturbations in the coriolis and centrifugal forces on the motion
around the RTBP was considered. [38], [37], [5], [3] found that the stability behaviour of collinear points
does not change despite the introduction of small perturbation in the coriolis and centrifugal forces,
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oblateness and radiation pressure parameters while the triangular points are stable for 0 < # < g and

1
unstable for g < u < 5 [36] studied the combined effect of perturbation, radiation and oblateness on

the nonlinear stability of RTBP.

The importance of radiation influence on the planetary and binary systems caught the attention of
many researchers. [23], was the first to describe the effect of radiation pressure force when he considered
the effect of absorption and subsequent re-emission of sunlight by small isolated particles in the solar
system. His work was later modified by [26], when he explained the effect of total radiation force on a
particle due to radiation source. He used a precise relativistic treatment of the first order in the ratio of

the velocity of the particle to that of light Y and gave the expression for the net drag force which
c

opposes the direction of motion as

P W
"lr err ¢
3LM e
where FF = —————— denotes the measure of radiation pressure and
" 167R*pAC

is the position vector of p with respect to the sun §
is the corresponding velocity

is the velocity of light

is the luminosity of the radiating body

M is the mass of the particle

p s the density of the particle

~ 0 <y

A is the cross section of the particle.

The first term in (1) expresses the radiation effect and the last two terms constitute the P-R drag
effect.

[7] and [27] studied the existence and stability of equilibrium positions by taking into account the P-
R drag force with only one of the primaries radiating. [7] established that six libration points exist at
most, five of which lie on the orbit plane while the sixth point falls out of the plane of motion and is
perpendicular to the orbital plane. They concluded that the P-R effect rendered unstable points that
were found to be conditionally stable in the classical case. [25] investigated numerically the same
problem taking both primaries to be radiating. They found that the collinear points deviated from the
axis while the triangular points were no longer symmetrical. [22] and [19] discussed the effect of solar
wind drag on the stability of RTBP. [8] studied the out of plane equilibrium points of a passive micro
size particle and their stability in the field of radiating binary stellar system. [11] perfomed an analysis
of the circular RTBP under the effect of the dissipative force, P-R drag. He did not consider the second
component of this drag force i.e. doppler shift of solar radiation and discovered that the stationary
solutions were unstable for 4 < g .

[9] generalized the RTBP by considering the bigger primary to be an oblate spheroid and the smaller
one radiating with P-R effect. On the other hand [34] investigated the effect of this drag when the
smaller primary is an oblate spheroid and the bigger one a source of radiation with P-R drag effect.
They found that due to the presence of P-R drag the triangular points were unstable.

Due to their remarkable and dynamical results on the effects of P-R drag forces on the motion around
the orbit of the satellite (natural/artificial) and its significance in dealing with problems in astrophysics,
we hereby generalize their work further and propose a new model to study the effect of P-R drag on the
stability of the triangular libration points in the RTBP when the primaries are oblate spheroid as well
as sources of radiation.

The paper is organized as follows: section 2 presents the equations of motion of our model, section 3
deals with the location of libration points. In section 4, we examine the stability character of the
problem using Murray’s idea and section 5 entails the discussion and conclusion.
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2 Equations of Motion

With reference to an inertia or fixed coordinates XYZ, let m, and m, be the masses of the primaries

S, S, respectively and M be the mass of the infinitesimal mass P . We introduce a rotating
coordinate system Oxyz with the origin O at the barycenter of the primaries in which the axes rotate

relative to the inertia space with an angular velocity @ = nk .

,,,r-l-i M(x,y)
rl n
S NS
m.l{:a.[)}a e b Zmy(b,0)

Figure 1. Coordinates of the primaries w.r.t. the inertia frame of reference OXY

We adopt the notation and terminology of [37] in which the distance between the primaries is taken
to be equal to one; the sum of the masses of the primaries is also taken as 1 so that if m, = u, then

m,
m, =1—u where g is the mass ratio parameter and u = 2 The unit of time is also chosen so
m, +m,
as to make the gravitational constant G, to be equal to one. The oblateness coefficient is
aef - apf ae,j - apj ) .
A = T, A = T [20], where0 < A, <1, ae,, ap,, i=12 are the equatorial and polar

radii respectively and R is the distance between the primaries. The velocity of light ¢ is given as
¢ =c, and the mass reduction factor expressed in terms of particle radiusa , density 6 and its solar

radiating pressure efficiency factor x (in chs unit) are taken to be constants so that the mass reduction

6x107°
factor g¢=1 —M/{, and 0<(l-¢)<1, i=12 for the bigger and smaller primary

ad
respectively.
In the dimensionless synodic coordinate system the equations of motion of the infinitesimal mass in
the z—y orbital plane (z=0) is

i—2ny=Q
. : (2)
y—2ni=Q,
where
Q —pp LA+ @rp-Dg, 30-matmA  3ue+p-1A,
z T_l’i 7,23 21,,15 2,,.;
Wilo+u.. q . W lo+u-1.. Lo
——S{ Qﬂ[x(fHu)+yy]+x—ny]}—%{—/§ [:v(ft+ﬂ—1)+yy]+fﬂ—"?/]}
7”1 Tl 7”2 7‘2 (3)
‘ 1- 3(1- 3uyA, W
Q :nzy—ﬂ—ﬂq—?— ( ;f)yAl S2% T Y i )+ )+ [+l + )]
Y ,rld ,r; 27]) 27,; 7,_12 7,12
W, . -
——;{%[I(x+u—l)+yy]+[y+n(ﬂﬂ—l)]}
Thoh
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1—p)(1-
le( #-4) 0<W <1i=12 @)
c
d
(1-m(-g,)
VVQ _ 2
Crl
The mean motion n is given as
34 3
n’ :1+—1+ﬁ (5)

3 Location of the Triangular Libration Points

The libration points are the solution of the equations (2) and (3), when the velocity and acceleration are
equal to zero (£ =y =% =§ =0), that is,

a —p2p A-Mrme  (+p-1g 30-p)+u)4
L, =N - - — U - -

Tld 7_25 27_15
(6)
_3y(x+,ur—1)A2+nle+nW2y:O
2,,,,; 7,,12 7_22
. 1- _ 3(1- 3uyd, nW(z+ nW (z+pu—-1
o :nzy_( y)qu_ﬂ%_ ( /f)yAl_ mydy nWie+p) aW(z+p-1) o
v 7’3 T3 2r0 27,5 TQ r?

1 2 1 2 1 2

The triangular libration points are the solution of equations (6) and (7) when y # 0.
In the absence of oblateness (4,4, =0) and the P-R drag W,,IW, =0 the equations above reduce
to the photogravitational RTBP so that
1/3

— 173
n=¢" and 1, =g,

Let |51| <1 and |52| <1 be small perturbation in 7, and r, respectively due to the presence of
oblateness and P-R drag. Then
n=gq"
Furthermore, we let ¢ = (1-4,), ¢, =(1-4,), (|ﬂl|,|,82| < 1) so that by putting these in equation
(4) and solving simultaneously for x and y, considering only liner terms of small quantities, we get

L BB

+e and 1, =¢)" +¢, (8)

T=—- —+g —& 9
or
x—%%+%_%} (10)
xo
where
1 BB,
g =yt 2 11
0T 5 H 5 73 (1D
and
y=y |1+ 4 52 (12)
? ny Qy:
where
V3(, 28, 28
e I [Pt S a2 13
Y, 2[ 9 9J (13)
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Now, multiplying eqn (6) by v, (7) by (z+ u) and then (7) again by (x+ u#—1), we have the
following equations
(L-pg(x+p)y  pg(z+p—1y 3(1-p)(z+u)Ay

n’zy — . :
r s 2r;
Bu(z+u—1)A W' W2 (14)
T - n n
_oH /u,» WY [Py P
27,.2'—) 7,_12 ,,,,22
‘ 1- + + 3(1- +
sy - ARy pa(erpy 30—+ p)Ay
7_15 77; 21 0
CBu(z+ Ay nW(z + ) Wz + @)@+ u-1) 0
2 2
2’/’25 7"1 7‘2
1- +u-1 +u-1y 31-pw(z+pu-1
n(z+pu—1)y- ( ’u)ql(i #-ly _ Ha, (@ 3:“ )y _ (1-p)(= : u-1)Ay
" " 2ﬁ° (16)
Bperu-DAy W+ peru-1) aW@+u-1"
2?”; ,,«12 7n22
Subtracting (15) and (16) from (14) simultaneously, we obtain
, 3 w. w, .
22 ”2—(1—_2—&, =nWl+—n 2+—n 2(712_1)
wo 2 o
(17)
q 3 nW, nW
(1-py|n* == Al — LW, - —L(? -1)
2 2 r
: =+l rt-rl -1
since z+pu=-—>— and z+pu-1=-—>7"—.

Using equations (5), (8), (10) and (12) in (17) and simplifying (rejecting second and higher order
term of small quantities, that is |,Bl|, |,82|, |81| , |.€2|7 |A1| , |A2|, |W1| , |W|<< 1), we get

& =——- - and ¢ =-——F+—+—=
2 6(1-pmy, 3(1-py, 2 ?wyo Guya
or with equation (9)
A, nW1 2nW,
E = ——— — —
l 2 - \/g 3(1—/1)\/5 (18)
A] 2nW nW,
& =
’ 2 3,u\/7 3;1[
Substituting these values of & and &, in (10) and (12), then simplifying, we obtain
W(2- W,(1+
Izl_#_ﬁ+§+ﬁ_i_n (2-p)  aW,(1+u) (19)
2 33 2 2 3u(1-uWB 3u(l-un3
and
2 2 W(2-3 nW (1-3
y:iﬁ (2828 A A #) 11~ 34) (20)
2 9 9 3 3] oul-p  Yul-p)

Equation (19) and (20) are the coordinates of the triangular point of the modified system under
investigation.
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4  Stability of Libration Points

To determine the stability of the libration points in the zy-plane, we let (z,,y,) be the coordinate of
the libration point and consider a small displacement &7 <1 such that z =z +&, y=y +n is a
point in the neighbourhood of the libration point. Then, we obtain the variational equations of the
system (3) as
E-2mp=Q +Q E+Q n+QLE+Q 7+ 0(2) on
f+2né = Q0+ Q0 E+Q n+ QL E+Q 7 +0(2)
where O(2) represents second and higher order terms in & and 7. The superscript (o) indicates that
the second order partial derivatives are evaluated at the libration points.
If we let &= Ae” and n = Be" be the trial solutions to the equations (21) then we get the
characteristic equation corresponding to the variational equation of motion as
A'+ad’ +bA +cA+d =0 (22)
where a =—(Q’, +Q) ),
b=4n’ + QaQ -Q - - Q)
vy vy xy
¢c=Q Q" +Q7 Q' +2nQ —2nQ —QQF - O,
d= QZIQZU -Q Q)
Differentiating ( ) and evaluating all the second partial derivatives at libration points and considering
only linear terms of small quantities, we get

., 3 (1 3u 3 27 24y
Q ==—| =L |B +|l—=p |+|——-—
Y [2 zjﬂl ( 2”) (8 sjAl

, , (23)
(3 24#] W(8—13pu+u*) W,(4—11u— p*)
—| =4+ AZ_ _
2 3 du(1 - up3 4#(1—/0\5
, 3 2 2 1
Q =—|3-6u——(1+u)p +=2-u)p, +— (19 26,uAl+ (7-26u)A,
Wy 3 3 5 o4
W,(8 =31u +27u") W2(4—23,u+27,u)7 .
124(1 - p) 12#(1 -4 "
(WB 1T Bt W4T
Q;yzg La- 3;1)/3——(2 3u —A1+ (B-1Tut ) WME=Tu=5p) g
Y42 du(1 - 3 du(1 - up3
, = —%W:Z%
Q. = B3 —ﬁwz_ga (26)
xy 4 4 yr
Q. = Tw _ Ty
vy 4 1 4 2

Substituting these values from (23) - (26) in (22) considering only linear terms of small quantities, we
obtain

a = 3W, +3W, 27
W, W,
b=1b +b, where b, =10 :—(——3;1}4 +(——3,u} - (28)
2 3 3
9 21 9u
-3+ W, | == W, 29
SR .
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27 3 3 117
d == ull= )4 S (= )+ (= ), + = 2 (1= A,
30
17u W (54— 81u)  W,(27 - 81p) (30)
Y -
4 13 NG
The four roots of the characteristic equation of the classical RTBP is
A =%z (n=1,23,4) (31
where
L
2= 1{1 +[1-27u(1- ,u)]Q} [37] (32)
2
We assume, due to oblateness and P-R drag, a solution for the equation (31) as
A=241+a +ia,) (33)

where a,, a, aresmall real quantities.
Using (31) and neglecting second and higher order terms of small quantities we have
A=H-a,+(1+a,)iz A =[(1+2a,) - 2a,i]2
2 =+{3a, - (1+3a,)i} 2’ At =[(1+4a,) + eyl
Putting these in (22) and considering only first order terms of small quantities and since b =15 +b,
a,b

,b, , contain only components of small quantities, we get

[(1+4e,)z" =b (1+2a,)2" +d] =0
40:224 ta’ + 20:26022 tcz=0
from which we have
a = _w (34)
: 4z' - 22°b,
and
oy = +az’ Fcz
2 47* -2b 7?

where the values of a,b ,c,d and z are given in (27)-(29) and (31) respectively.

(35)

The motion around the triangular libration points is asymptotically stable only if @, #0 and when

the real parts, Re(4) of the root, are all negative.
Fc+az?
2
2(22 —b,)
1

—{1 * |:1 —277#(1 - ,u)}} and so taking positive sign and Re(4) <0 then,

2
Re(A) = {c - a{l 2Tl - ,u)}} {2 - 27‘”% —H) bo}l <0

Now, RE(Z):OK?_Z = from (31), considering only the first order term z° =

4
This implies c{l + 2—27;1(1 - ,u)} - a{l —%,u(l —u)+ %,u(l - ,u)} < 0 and gives
27
c+I,u(1—,u)(20—a)<a (36)

On the other hand, taking negative sign

Re(4) = [—c+2%fu(1—u>}[1—%u(1—m] <0
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which implies —{c - %y(l - ,u)} {1 + %,u(l - ,u)} <0,
we have
27
O<c+z,u(1—,u)(26—a) (37)
From eqn (36) and (37), we have
0 <c+%y(1—y)(2c—a)< a

as 4 —>0
0<c<a [22] (33)
This inequality is the necessary condition for stability of triangular libration points at L, and L

according to [22]. But according to equation (29) as u — 0
21
c= —[31/[/1 +IW2J <0 (W,W,20)

This contradicts the condition for stability in (38). Hence, we conclude that due to oblateness,
radiation pressure, with PR-drag effect from both primaries the motion remains unstable in the linear
sense.

5 Discussion and Conclusion

In this research, we study the effects of Poynting-Robertson drag on the location and stability of
restricted three-body problem when the primaries are oblate spheroid. A system of second order non
linear differential equations of motion of the system was obtained and using linear approximations we
located the triangular libration points of the problem as equations (19) and (20).

We also validated the location for other generalizations by suppressing certain parameters. That is by
setting any of fB,8,,A,A,,W,W, to be equal to zero for the absence of radiation pressure force,

oblateness and P-R drag effect respectively. The results agree with those of other researchers. The roots
of the characteristics equation (22) corresponding to the variational equation (21) are given by equations
(33), (34) and (35). They are found to be affected by the perturbing parameters. Due to the nature of
the characteristics equation (22) we employed Murray’s criteria [22] to determine the nature of its roots.
We found that the triangular libration points are unstable due to the presence of radiation pressure
forces, oblateness and Poynting-Robertson drag.

In  vparticular, when B =48 =04 =4, =0 and W, =W, =0, then a=0,b=5b =1 and

27 ,  —lEN1-2Tp(1- ) 37]

dzz,u(l—,u), the roots of (31) gives A° = 5

1>27u(1— p) which implies z# < 0.0385. This gives the classical case.

and for stable motion

When A =0,4,=0, W, =W, =0 then a=0,b=1,c=0 and d:%,u(l—y){ngﬂlJrﬂz} [27].
This is the case of photo gravitational RTBP.
W
Also when B =0,A =A =0 and W, =0 then a=3VVQ,b=1+—17C=—(3+%ijVI and

V3
- W (54 — 81
d= 2iul=p) +§y(1 - 1)pB, —u. This agrees with the result of [27].
4 2 INE]

W
When A #0,8, =0,4 =0,4, #0,W, #0andW, =0. Then a=3W,, b=1+(%—3,uJAZ+Tl,
) 3
9 97 3 117 W (54 — 814)
c=—|3+—u|W and d=—pu(l—pu)+—pu(l- +—u(l=-A, ——————"" 9]
[ 4uj1 4u( M) 2#( B, 4ﬂ( M)A, 5 (9]
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W,
When g =0,8,#0,A #0,4, =0,W, =0 and W, #0, then, a=3W,, bzl—[g—&uJAl——z

7

1 5 [34].

The roots of the characteristics equation (22) corresponding to the variational equation (30) is given
by the equations (33), (34) and (35) where values of a,b,¢ are given in (27) to (30). These equations all
depend on the parameters of the perturbing factors.

The nature of the value of ¢ as compared to the condition necessary for stability by Murray [22]
shows that due to radiation pressure, forces, oblateness and Poynting-Robertson drag from primaries the
motion of the infinitesimal body remains unstable.

Successive research results of generalizations involving radiation pressure forces, oblateness of
primaries and Poynting-Robertson drag have shown that they are destabilizing forces. Astrophysical
evidences have also revealed that these parameters are natural activities in our solar, extrasolar and
stellar systems. A satellite (natural or artificial) is expected to navigate in the neighbourhood of the
planets in our solar system in their stable orbits under the influence of these forces. Hence, our result
provides information for a space/astronomical engineers to take into consideration, the destabilizing
effects of radiation pressure forces, oblateness of the primaries and Poynting-Robertson drag when
designing a spacecraft that will navigate in the vicinity of the planets.

21 9 27 3 117 W, (27 - 81u)
c——{———”JWZ and d = —pu(1-p)+ - pu(1- @), + — p(1 - WA - ——F=—
4 4 43
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