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Abstract The purpose of this paper is to study about the set of shadowable points of non-
autonomous dynamical systems (X, { fn }nez) where X is a metric space and f, is a homeomorphism
for all n € Z. In particular, we would like to show that X is totally disconnected for every shadow-
able and almost periodic points with a standard condition. Moreover, if { f» }nez is equi-continuous
then we have converse of the previous property.
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1 Introduction and Preliminaries

Shadowing property has been the subject of numerous studies in the qualitative theory of dynamical
systems (see [1], [2]). In 2000, Yuan, Yorke defined the concept of absolutely non-shadowable points
in [3], it splits the pseudo-orbit tracing property into individual shadowings. From their ideal, recently,
Morales (2016) introduced the notion of shadowable points by individualizing the shadowing property
into pointwise shadowings. A shadowable point of a continuous map is defined to be a point such that
the shadowing lemma holds for pseudo-orbits beginning at the point. After that, Kawaguchi extends
the study on shadowable points recently introduced by Morales in relation to chaotic or non-chaotic
properties [4]. About the non-autonomous case, Duarte and Klein give the shadowing property for non-
autonomous systems which satisfy several conditions of the maps f, and pseudo-orbits in Avalanche
principle proof [5]. In this paper, some new concepts are introduced for non-autonomous discrete systems,
including shadowable points, totally disconnected property of X. Then, we concern sevaral important
properties of them. In particular, we show that X is totally disconnected for every shadowable and
almost periodic points with a standard condition. If {f,},.cz is equi-continuous then we have converse
of previous property.

Now we introduce some basic notations for non-autonomous dynamical systems. Throughout this
paper, by a non-autonomous discrete dynamical system, we mean a pair (X, {fn }nez) with X is metric
space and {f,}nez C Hom(X) where Hom(X) the set of homeomorphisms from X to X. One denote
Orb(p,m) = {f(p) : Yn € Z} is the orbit which is through p at the time m € Z, where

fn_10-0 fm, ifn>m
fri=y{ flo---oft ifn<m
id, if n=m.

A sequence {x,}nez C X is called be a §—pseudo-orbit if d(f,(2y,), 2nt1) < 6. The next definitions is
extend concepts of shadowable points (see [6], [7], [8]). A point p € X is shadowable at the time ¢ € Z if
for every € > 0 there is 6 > 0, which is depend on 4,e and p, such that every d—pseudo-orbits {x,, }nez
with z; = p is e—shadowed (i.e. there is y € X such that d(yn,z,) < € where y, = f(y)). Moreover,
we say that a point p € X is two-sided limit shadowable at the time i € Z if nll)rjl;loo d(fI(xn), Tpt1) =0,

implies that there is x € X such that EIE d(fI'(y), zn) = 0. The set of shadowable points (resp. two-
sided limit shadowable) of (X, {f»}nez) at the time ¢ is denoted by S(i, { fn }nez) (vesp. LS(%, {fn}tnez))-
The set

S({futnez) = U S(i,{fn}nez) <resp. LS({ frn}nez) = U LS (i, {fn}neZ))

1€ZL 1EZL
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is called the set of shadowable points.

Definition 1.1. Let the dynamical systems (X, { fn}nez) where f,, : X — X is homeomorphism for all
n € Z. ForY C X, we now define the omega-limit set

WY, {fnlnez) ={qge X : khrf 1™ (p) = q for some sequence ny, — +oo and for some p € Y'}.
— 400

In the invertible case one also define the alpha-limit set

a(Y, {fulnez) ={q€ X : kli):r_loo 1™ (p) = q for some sequence ny — —oo and for some p € Y'}.

Following [9] we say that p € X is a point with converging semiorbits if both a(p,{ fn}nez) and w(p,{fn}nez)
reduce to singleton. Denote by A({fn}nez) the set of points with converging semiorbits and C({fn}nez)

the set of points p in A({fn}nez) with a(p,{fn}nez) = w(p,{fntnez) = {p}. If fo = [ for alln € Z
then we denote {fn}nez by f for short.

Definition 1.2 (see [10]). The metric space X is totally disconnected at p if the connected component
of X containing p is {p}. We define

Xde8 = {p e X : X is totally disconnected at p}.

Definition 1.3. Assume that {Dy}nez and {E,}nez are two sequences of sets in X. The sequence of
maps {fn : Dy, = Eptnez is said to be equi-continuous in {Dy,}nez if for any e > 0, there exists § > 0
such that d(fI'(x), fI'(y)) < e for alln,i € Z and for all x,y € D,, with d(z,y) < 9.

Definition 1.4. The point p € X is an almost periodic point if for every neighborhood U of p there
exists some k € N such that

{fi”"(p):n: 1,...,k}NU #0 and {ff_”(p):n: 1,...,k}NU #0,
for every i € Z. The set of almost periodic points is denoted by AP({fn}nez)-

We denote v(A) is the set of all connected components of X which intersect A is nonempty. The
following, we shall show the relationships between the Shadowable points and totally disconnected prop-
erty.

Theorem 1.1. Let (X, {fn}nez) with X is a compact metric space and assume that

'Y(S({fn}neZ) N AP({fn}nez)) C C({fn}nez)- (1)

Then
S({fn}n€Z> N AP({fn}neZ) C Xdeg.

Theorem 1.2. Let (X, {fn}nez) with X is a compact metric space and assume that {f,}nez is equi-
continuous. Then

Xdeg - S({fn}nez)-

2 Proof of the Main Theorem

Let us denote by Bl[p,¢] is a ball with centre p € X and radius € > 0. First, we need the following
definition. Then we have the following proposition.

Proposition 2.1. Let (X,{fn}nez) with X is a compact metric space. For any
pe S(Z, {fn}nEZ) N AP({fn}neZ)a

then for all € > 0, there exists the order subsequence {ny}rez C Z (no =0) such that there exists y € X
satisfies
9(y) € Blp.e], VkeLZ,

where g = f”Z::g y OO fH_Z:;; 1’ ke Z* and go = id.
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Proof.. By given, we have p € S(i, {fn}nez) N AP({ fn}nez). Therefore, let € > 0 is arbitrary constant,
there is a § > 0 such that for all j—pseudo-orbits {z,},cz with z; = p is e—shadowable. Due to
p € AP({fn}nez), there is a number k; > 1 such that {f/T™(p) : n = 1,....k1} NU # § where
U = B[p,d/2]. Tt is implies that there is a number ny, i < ny < i+ ky such that d(f]"* (p),p) < /2. By

K2

p € AP({fn}nez) again, there is a number k2 > 1 such that {f»ij:glﬁ"(p) in=1,...,ke} N Blp,§/2] # 0.

7

Then there is also a number ns, 0 < ng < ko such that d(ffj_’:ll 72 (p), p) < §/2. Repeat this procedure,

we obtain that there is a sequence {ny }rez (ng = 0)such that

i+ni+-4n d
A wp) < 50 VREL

We choose the sequence in X, namely {z,, }necz which defined by

_ {fﬁ;”iig”h(p), form=i4+n+---+ng+hand h=1,2,... ,ngp1 — 1
Ty = 1 k N
D, forn=i4+ny+---+ ng.

Then {z,}nez is —pseudo-orbit. Indeed,
Case 1. If n=i+4+ny+---+np+hwith h=0,2,...,ngr1 — 2. Then

fi+n1+~-+mc+h(p))7fi+n1+'“+nk+h+1(p)) =0.

d(fr(2n), Tny1) = d(fi+n1+~~+nk+h( itny+-+ng i+ni+-+ng

Case 2. If n=14i4+mn1 4+ -+ + ngsy1 — 1. Then we have the following estimation

iy e -1
d(fn(l'n)7$n+1) = d(fi+n1+'”+7lk+1*1(fizi_r?li_---j-_s:Jrl (p))7p)

by
= d(fiz+:11+~-+::+l (p),p)

<0/2.

It is clear that ; = p. Hence, {x,, }nez is d—pseudo-orbit through p at the time i. Therefore, there is
y € X such that d(f]'(y),zy) < ¢ for all n € Z. Particularly, when n =i+ n; + - - - 4+ ng we have

d (f."+"1+w+”k (y)a$i+n1+~-~+nk) <& VkeZ

K2

Set g = fH‘Z::o n, OO fi+zlz;(1] — k € Z* and gg = id. From the last inequality we have for every

k € 7 then
d(g5(y),p) < e.

This proposition is proved. O

Proposition 2.2. Let p € S(i,{fn}tnez), then for every e > 0, there is § such that for all {x,}nez is
d—pseudo-orbit with x; € Blp, ] then {xy, }nez is e—shadowed.

Proof.. Suppose by contradiction that there are € > 0 and a sequence of %—pseudo—orbit {2*}pen+ with
z¥ € Blp, %] which cannot be 2e—shadowed for all k& € NT. By hypothesis, for this e, we take § < ¢ in
terms of the shadowable point p. As X is compact, f; is uniformly continuous so we can fix k large such
that max{d(f;(p), fi(z})), 1} < ¢. Once we fix this k, we define the sequence{Z, }nez by

_{xﬁ, ifn#1

D, if n =1.

Clearly d(fn((2)n), Tni1) < + <6 forn+#i—1,i Since

N
=

d(fi-1(&i-1), &) = d(fim1(2f_1),p) < d(fim1(2F_y),2F) +d(zF,p) <

e
_|_
| =

and

N
>,

N | S,
+
el

d(fi(2:), Zip1) = d(fi(p), 25 1) < d(fi(p), fi(xf)) + d(fi(zF),2f,) <

JAAM Copyright © 2019 Isaac Scientific Publishing



It implies that {Z,},ez is a d—pseudo-orbit. On the other hand, #; = p, by definition we obtain that
{&n}nez is e—shadowed, namely, there is y € X such that d(f/*(y),Z,) < € for every n € Z.
Clearly d(f'(y),zF) = d(fI*(y),2n) < 2¢ for n # i. For n = i we obtain

d(fI'(y), =F) = d(y, 2F) < d(y,p) + d(p,2¥) <e+ - < 2e.

It follows that {z%},cz is 2e—shadowed, that is absurd. This contradiction proves the result. O

Proof of the Theorem 1.1.

We assume contrary that there is a p which belongs to S({fn}nez) N AP({fn}nez) but does not in
Xded. Then diam~y({p}) > 0 and hence choose £ > 0 such that 0 < 11¢ < diam~(p). By given, we have
p € S(io, {fn}tnez) N AP({ fr}nez) for some iy € Z. From Proposition 2.1 and Proposition 2.2, with ¢
(6 < ¢) of pseudo-orbit of { f,, }nez respect to € above, there is the order subsequence {ny}rez C Z, ng =0

such that there exists y € X satisfies g§(y) € Blp, d],Vk € Z where gi, = fi0+2::0 1y © Ofio+ZZ;$ o

k € Z* and gg = id, moreover, every d—pseudo-orbit through y at time i is also e—shadowed. It is easy to
check that p also belongs to S(0, {gk }xez). Indeed, let {x,, } ez is d—pseudo-orbit of {gi }xez, we define

i P .
By = e (y,), ifn=ngp+ii=1,...,npp1 —1
n .

Ty if n =mnyg.

Then, {5, }nez is 0—pseudo-orbit of {fy}nez which has 3;, = p. Therefore there is x € X such that
d(f7: (x), Bn) <&, ,VneL.

It mean that d(gf (), z,) < &, Vk € Z. Hence, p € S(0, {gk }rez), in other word, every §—pseudo-orbits
of {gn }nez through p at time 0 is e—shadowed. Similarly, we also have every d—pseudo-orbits of {g, }nez
through y at time 0 is e—shadowed. Next, since v({p}) is compact, connected and by (1), we could choose
the finite sequence, namely {g¢;};-°,, which satisfies

i) do =Y, qi € ’Y({p}) N C({fn}nGZ)7 Vi = 17 -5 N0,
ii) d(qia Qi-‘rl) < 6/2a 1= 07 1a ..., 10 and d(‘]anO) < 5/2a
no
iii) v({p}) = .UlB[qw?]-
Due to (i), there is a number m; (large enough) such that d(g;,’  (¢:),q:) < /2 foralli=0,1,2,...,n0
(mo = 1). We can choose sequence {m;};° such that 1 = my < m1 < mg < +-+ < my,. Then we have
following claims.
Claim 1. The sequence

gn: gﬁ@i(qi+1)7 ifmi<n<mi+17i20,1,2,...,mn0

gg’bno (q0)7 ifn P Mng -

is d—pseudo-orbit for {gx }rez-
Indeed, to order this claim one divide into several cases.

Casel. f n#0,n#m; —1,i=1,...,ng then

d(Qn(QS’(QO)%QB’“((Jo)), ifn<0
d(gn(gn)agn+1) = d(gn(gﬁ@i (Qi+ ))79%‘1‘1 (Qi+1))7 ifm; <Km<mip1 —1,i=0,1,2,...,mp,

1
A(gn (g, (@), gt (@), i n > my,.
We obtain d(gn(£n),&n+1) = 0 in this case.
Case 2. If n =0, then

d(90(&0),&1) = d(qo, q1) < 0/2 < 6.
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Case 3. fn=m; —1(i=1,2,...,n9 — 1) then

d(gn (&), Ens1) = d(gm,—1 (g~ (ai))s div1)
(gm 1(%) Qi+1)
(gmi (@), qi) + d(gis giv1)

/246/2=0.

d
d
o

NN

Case 4. If n =m,, — 1 then

I
QU
—~~ I~

g 1 (gm0 7 (o)) a0)
922,1 (¢i); qi+1)

It ()5 Gno) + d(Gny» 90)
/246/2=4.

d(gn (gn) ) €n+1 )

Hence, the claim is proved.
On the other hand, {&,}nez through y at the time 0 and y € B[p,d], from Proposition 2.2, there

exists § € X such that
d(gy(9),6,) <&, VYn€Z.

In particular, there are finite sequence {l;};°, such that
d(gél(g)aql) SE, 1= 1a27"'an0'
Claim 2. For every z € v({p}) then d(z p) < be.
In fact, let any z € y({p}) = U Blg;,6]. Then there is ¢ = 0,1,...,n0 such that d(z,q;) < 0.

Therefore,

To prove this claim, we divide into 2 cases of [;.

Case 1. mlglzgmno—l
Since (1), we have g (9) € w(gh (§)). It implies there is ig > m,, such that

(g (9), 95 () < e

In addition, due to ig > my,,, we have &;, = g&(y) for some h € Z. Further, g&(y) € B[p, §], we obtain

d(ge(9),p) < d(9 (D), &) + d(Eig, D) < 2¢.

Hence,
< d(z, 95 (9)) + d(gg (9),d(=, 95 (9))) + d(z, 95° (9), )
< 26+ €+ 2e = be.

d(z,p)

Case 2. [; <mjorl; > my, — 1.
It is clear to see that &, = gl (y) for some h € Z, it implies

d(&,,p) = d(g5(y),p) <J < e.

Hence,
e+e=2e.

Therefore,
d(z,p) < d(z, 96 (9)) + d(g5 (9), p)
2¢ + 2e < be.

This proves this claim.
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From the Claim 2, for every u,v € y({p}) then
d(u,v) < d(u,p) + d(p,v) < 5e + 5e = 10e.

This contradicts the choice of . The proof is complete.

Proof of the Theorem 1.2.

We take p € X9 and ¢ > 0. Since {f,}nez is equi-continuous, there exists ¢/ > 0 such that
d(fl'(x), f(y)) <e (Vi,n € Z), for all x,y € X, d(z,y) < £'. By Proposition 3.1.7 in [11], there is a open
and closed subset U of X such that

i) pe U and diam(U) < €,
ii) dist(U, X \U) > 2a > 0 for some A € RT.

By the equi-continuous property of { f,, } nez again, we can choose § > 0 such that z,y € X and d(z,y) < §
then d(f7*(x), f'(y)) < o (Vi,n € Z). Now take a §—pseudo-orbits {z,, }nez with x; = p for some i € Z.
From definition d(f;(z;), x;4+1) < 6, it implies

d(fi1 filai), fia (@) < a e dp, 7 (zi41)) < o
If f7 ' (zi11) € X \ U, from i) and ii), we have
20 < dist(X \ U,U) < d(p, f; (zis1)) <
which is contradiction. Then f; *(x;41) € U. Next, since d(fi11(zi1), Zire) < 6 s0
A(flea firr (@i1), flia(ire)) < a & d(fH (@ign), fla(wige)) < a.
If fi5(zit2) € X \ U, from i) and ii) again, it implies
200 < dist(X \ U, U) <d(f " (@it1): flya(zire)) <

which is absurd. Hence, f} 1o(2ir2) € U. Repeating the argument we obtain fi tn(Zign) € U for every
n € Z. It follows that d(p, fi,,(zitn)) < €. Therefore,

d(fi (), £ flpn(@isn)) <€ & d(fT7"(p), wign) <&, V€L

It means that p € S({fn}nez), which is our claim.

3 Conclusion

In this paper, we extend the concept of the shadowable point in case of non-autonomous dynamical
systems and investigate the relations between the set of shadowable points and totally disconnected
property. The results are also related to almost periodic points and the points with converging semiorbits.
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