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Abstract The magic angle of θm = arctan[( 5 + 1)/2] ≈ 58.2825◦ , rather than θ = arccos(1/ 3)
◦
≈ 54.7356 , has been discovered through theoretical derivations for arteries to accommodate twist
buckling optimally. The magic angle matches many published experimental results by others. As
byproducts of the derivation, the stable deformation ranges for normal and shear stretches are defined.
The anisotropic continuum stored energy (CSE) functional has been used to model the equibiaxial
tension tests of porcine thoracic aortas and special simple normal tests of human abdominal aorta
aneurysms. In CSE models, constitutive constants are determined by a trial-and-error-on-digit
(TED) method and the linear least squares (LLSQ) method combined.
Keywords: Arteries, constitutive modeling, experimental tests, magic angle, TED-LLSQ method.

Nomenclature
A0i
AB.CDEFGHI
Bp , Cp
C
c1,i , c2,i , c3,i , c4,i
F
I1 , I2 , I3
I1,i , I2,i
N
Pi
(Pjk )i
R
Si
U
X, x
X1 , X2 , X3
x1 , x2 , x3
Subscripts
A, a
bt
e
et
f 1, f 2
I, i
j, k
M, m
n
p
sn
ss
ssn
ut
v
W
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plane structure tensor in reference configuration
decimal number with A for tens digit, . . . , I for ten-millionths digit
coefficients of quasi-linear least squares equations
right Cauchy–Green tensor
constitutive constants
deformation gradient tensor
invariants of the right Cauchy–Green tensor
invariant components of the right Cauchy–Green tensor
number of data pairs
nominal stress component tensor
nominal stress component tensor in indicial notation
rotation tensor
second Piola–Kirchhoff stress component tensor
right stretch tensor
position vectors in reference and current configurations
Cartesian coordinates of a particle in reference configuration
Cartesian coordinates of a particle in current configuration
adventitia, anisotropic
biaxial tension
experimental
equibiaxial tension
fiber-1, fiber-2
intima, index for preferred fiber direction
index for three orthogonal directions
media, magic
number of preferred fiber directions
index for experimental and theoretical data
simple normal
simple shear
special simple normal
uniaxial tension
volume
wall
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Greek Symbols

η
θ
κ
λ
σ
Ψa
Abbreviations
A
AAA
CI
CSE
DTA
ISF
LLSQ
MRI
SBT
T
TED
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circumferential, axial, and radial directions
error between model and experiment
thickness ratio
fiber angle
shear stretch or the amount of shear
normal stretch
Cauchy stress tensor
anisotropic continuum stored energy functional
abdominal
abdominal aorta aneurysm
common iliac
continuum stored energy
descending thoracic aorta
incompressible stress-free
linear least squares
magnetic resonance imaging
soft biological tissue
thoracic
trial-and-error-on-digit

Introduction

Arterial problems play a significant role in cardiovascular diseases, which are leading causes of morbidity
and mortality in many countries. Arteries are blood vessels that carry oxygen and nutrition-rich blood
from the heart into organs, tissues, and the rest of the body. The largest arteries are the thoracic and
abdominal aortas, which branch into networks of smaller arteries including the arterioles and the capillaries.
In a normal physiological state, arterial walls experience circumferential distension and axial extension
deformations. With body movement and surgical procedures, however, arteries are often subjected to
shortening, twisting, and bending deformations (Fortier, Gullapalli, and Mirshams, 2014) [1].
Arterial walls consist of three constitutional layers: intima, media, and adventitia. In each layer of the
arterial walls, helically coiled collagen fibers are dominant structural reinforcements, carrying major loads.
The mean helix angles of collagen fibers vary from intima to media and finally to adventitia. Collagen
fibers with both positive and negative helix angles are symmetrically paired and optimally oriented with
respect to the circumferential direction of arteries. Cylindrical tubes reinforced with paired helical fibers,
instead of orthogonal fiber reinforcements, can distend in the circumferential direction, extend in the
axial direction, bend with smooth curves, and resist torsion or twisting deformations (Wainwright, 1988)
[2]. There is a magic angle for collagen fiber bundles in adventitia layers. Comprehensive information
on arteries can be found in the book chapter written by Holzapfel (2008) [3]. Multi-layered cylindrical
tubes reinforced with optimally oriented fibers are common structural components found in biology and
engineering over a wide range of scales (Goriely and Tabor, 2013) [4].
There has been much effort in searching for the magic angle. The maximum
volume confined by a
√
geodesic fiber of finite length is achieved at an angle of θv = arctan(1/ 2) ≈ 35.2644◦ in the study of
nematode worms by Clark and Cowey (1958) [5]. Wide-ranging applications of magic angle effects have
also been found in clinical magnetic resonance imaging (MRI) studies. Dipolar interactions have angular
dependence for highly structured molecules like collagen. Dipolar interactions are approximately modulated
by the term 3 cos2 θ − 1, where θ is measured from the main magnetic field to a structure
√ direction. The
dipolar interaction due to static field vanishes when 3 cos2 θ − 1 = 0 or θ = arccos(1/ 3) ≈ 54.7356◦
(Erickson, Prost, and Timins, 1993) [6]. Through purely kinematic analyses of simple shear of soft
biological tissues with a√
randomly oriented in-plane fiber, a conditional maximum fiber stretch occurs at
the angle of θ = arctan( 2) ≈ 54.7356◦ . The kinematic analyses of simple shear deformations can equally
be applied to arterial vessels under torsion (Horgan and Murphy, 2018) [7]. Linear theoretical analyses
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indicate that the magic angle should be greater (Horgan and Murphy, 2018) [8]. Many tissues, including
tendons, cartilage, and peripheral nerves, have shown magic angle effects with proton MRI, in which
the maximum signal intensity is achieved at the magic angle. Experimental results, however, show that
maximum signal intensities have been measured for both flexor tendons and median nerves at the angle
of about 60◦ instead of 55◦ (Bydder et al., 2007) [9]. An optimal determination of the magic angle helps
better understand arterial functions, the applications for which hold tremendous clinical and industrial
promise.
Constitutive modeling is essential to physiologically, pathologically, and mechanically understanding
arterial vessels since mechanical properties relate structures to functions. Constitutive modeling of arteries
requires appropriate experimental characterizations and accurate theoretical predictions combined. The
most commonly used experimental methods to characterize arteries are distension-extension-torsion
tests of intact arterial vessels, uniaxial tension, biaxial tension, and simple normal tests of layer-specific
flat specimens. Distension-extension-torsion tests of intact arterial vessels, however, will not be further
discussed due to residual stresses in three orthogonal directions. Three types of residual stress in an
intact arterial wall are axial residual stress due to axial pre-stretches, radial residual stress due to
radially overlaying layers, and circumferential residual stress due to axial pre-bending (Cieslicki, Piechna,
and Gambin, 2018) [10]. Invariant-based anisotropic stored energy functionals are usually used, and
applications of which make theoretical modelings frame-indifference. Polynomial, power, exponential,
and logarithmic functions of invariant components are often used to construct anisotropic stored energy
functionals phenomenologically. Constitutive modeling and mechanics of arteries have been reviewed by
Humphrey (1995, 2003) [11,12], Holzapfel and Ogden (2010) [13], Di Puccio, Celi, and Forte (2012) [14],
Lanir (2017) [15], and Ogden (2017) [16].
Constitutive modelings of arteries will be conducted by the anisotropic CSE functional recently
developed by Zhao (2018) [17]. The anisotropic CSE functional reads
Ψa = c1,i I1,i + c2,i

c +1
p
I1,i4,i
I2,i + c3,i c /3 ,
I3 4,i

(i = 1, 2, . . . , n),

(1)

where the range for subscript i, (i = 1, 2, . . . , n), is omitted for the rest of the equations for simplification,
n is the number of different preferred fiber directions, the four coefficients, c1,i , c2,i , c3,i , and c4,i , are
constitutive constants to be determined by experimental tests, the three invariants required for following
analyses are
I1 = trC, I2 = 0.5(I12 − trC2 ), I3 = detC,
(2)
the two invariant components are given by


I1,i = tr(CA0i ), I2,i = 0.5 I1 I1,i − tr C2 A0i ,
and the plane structure tensor for two families of preferred fiber directions with angles ±θ is


cos2 θ
± cos θ sin θ 0
sin2 θ
0.
A0i(±θ) =  ± cos θ sin θ
0
0
0

(3)

(4)

The primary objectives, therefore, are to optimally derive the magic angle, to constitutively model
arteries with the anisotropic CSE functional, to briefly evaluate experimental methods for arteries, to
newly develop a special solution technique, i.e. the TED-LLSQ method, and to particularly emphasize
advantages of the CSE functional for being no isotropic-anisotropic split.

2

Constitutive Modelings of Arteries

2.1

The Magic Angle

Based on structural analyses of arteries, twist buckling becomes one of the major concerns among the
axial extension, axial torsion, circumferential distension, bending, and shortening deformations since
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Figure 1. Simple shear tests of unit cube with two families of in-plane fibers.

the energy required for shear deformations is generally less than that needed for normal deformations.
Thus, an arterial wall under a simple shear deformation will be kinematically studied, especially on the
outermost layer—adventitia—because of largest shear deformations.
The deformation of simple shear can be modeled as
x1 = X1 + κX2 , x2 = X2 , x3 = X3 ,

(5)

where the notation of κ = κ12 is used for simplification and X1 , X2 , X3 and x1 , x2 , x3 denote the
Cartesian coordinates of a typical particle in reference and current configurations, respectively. In Figure
1, X1 and X2 represent the circumferential and axial directions of arteries, respectively. The angle of
shear is arctan κ. The deformation gradient tensor Fss and right Cauchy–Green tensors Css and C2ss are
worked out as


1 κ 0
Fss =  0 1 0  ,
(6)
0 0 1


1
κ
0
Css =  κ κ2 + 1 0  ,
(7)
0
0
1
 2

κ +1
κ3 + 2κ
0
(8)
C2ss =  κ3 + 2κ κ4 + 3κ2 + 1 0  ,
0
0
1
where the subscript, ss, represents the simple shear mode.
The three invariants for simple shear deformations are obtained as I1 = I2 = κ2 + 3 and I3 = 1. The
corresponding principal stretches can be readily obtained as
√
√
κ2 + 4 + κ
1
κ2 + 4 − κ
λ1 =
, λ2 =
=
, λ3 = 1.
(9)
2
λ1
2
The two invariant components for angles ±θ are given by
I1,i(±θ) = κ2 sin2 θ ± 2κ sin θ cos θ + 1,

(10)

I2,i(±θ) = 0.5(κ2 sin2 θ ± 2κ sin θ cos θ + 2).

(11)

In the simple shear deformation, the family of fiber-1 with angle θ are in extensional deformations
with a fiber stretch λf1 while the family of fiber-2 with angle −θ are in compressive deformations with a
fiber stretch λf2 . The extensional stretch for the family of fiber-1 of angle θ is
λf1 (θ) =

Copyright © 2019 Isaac Scientific Publishing
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I1,i(θ) =

p
κ2 sin2 θ + 2κ sin θ cos θ + 1,

(12)
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and the compressive stretch for the family of fiber-2 with angle −θ is
1
1
λf2 (−θ) = p
=p
,
2
2
2I2,i(−θ) − 1
κ sin θ − 2κ sin θ cos θ + 1

(13)

Taking the derivatives of I1,i(±θ) and I2,i(±θ) with respect to θ, respectively yields


∂I1,i(±θ)
= 2κ κ sin θ cos θ ± (cos2 θ − sin2 θ) ,
∂θ


∂I2,i(±θ)
= κ κ sin θ cos θ ± (cos2 θ − sin2 θ) ,
∂θ
and the derivatives (14) and (15) vanish when
 2

sin θ − cos2 θ
1
κ=±
= tan(±θ) −
.
sin θ cos θ
tan(±θ)

(14)
(15)

(16)

Substituting (16)1+ into (12)2 by eliminating κ, comparing (9)1 , and simplifying yields many conditional
maximum stretches
√
κ2 + 4 + κ
λf1 (θ) = tan θ =
= λ1 ,
(17)
2
and substituting (16)1− into (13)2 by eliminating κ, comparing (9)2 , and simplifying yields many
conditional minimum stretches
√
κ2 + 4 − κ
1
=
= λ2 .
(18)
λf2 (−θ) =
tan(−θ)
2
It is reasonable to use the reciprocal of shear amount, 1/κ, to measure shear stability since increasing
the amount of shear, κ, facilitates a twist buckling. For the magic angle, the amount of shear, κ, needs to
be balanced with shear stability, 1/κ. Rearranging (16)2 gives the following fascinating equation
κ
1
=
−1 .
tan(±θ)
1 + [tan(±θ)κ]

(19)

Since the first dimensionless group κ/ tan(±θ) is inversely related to the second dimensionless group
1/[tan(±θ)κ], increasing one dimensionless group will decrease the other dimensionless group. The balance
between the amount of shear and shear stability can be achieved by equating the two dimensionless
groups as
κm
1
=
.
(20)
tan(±θm )
tan(±θm )κm
Solving (20) for tan(±θm ) 6= 0 produces the critical shear
κm = 1.

(21)

Substituting (21) back into (19) and solving yields the magic angle
√
5+1
,
tan(±θm ) =
2
or
√

5+1
± θm = arctan
≈ 58.2825◦ .
2

(22)

(23)

Substituting the critical shear (21) into (17) and (18) yields the maximum stable stretch (which
also coincides with the maximum stable principal stretch) and the minimum stable stretch (which also
coincides with the minimum stable principal stretch), respectively
√
5+1
≈ 1.618,
(24)
λf1 (θm ) = (λ1 )m =
2
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Figure 2. Fiber stretches as function of fiber angle with κm = 1 in simple shear deformations.

and

√
5−1
≈ 0.618.
(25)
λf2 (−θm ) = (λ2 )m =
2
Thus, it is interesting to see nature’s optimal design of the magic angle being equal to the arctangent
of the golden ratio (≈ 58.2825◦ ). The maximum stable stretch of fiber-1 is the golden ratio (≈ 1.618)
while the minimum stable stretch of fiber-2 is the reciprocal of the golden ratio (≈ 0.618). The fiber
stretches as a function of fiber angles are also graphically depicted in Figure 2 based on (12)2 and (13)2
under the condition of κm = 1.
2.2

Anisotropic CSE Models for Arteries

Nominal stress and stretch results are usually calculated from force and extension measurements recorded
in experimental tests. Nominal stress component tensor, Pi , is related to second Piola–Kirchhoff stress
component tensor, Si , by Pi = Si FT = ∂Ψa /∂F. With the anisotropic CSE functional (1), nominal stress
as a function of stretch is
(Pjk )i =

∂Ψa ∂I1,i
∂Ψa ∂I2,i
∂Ψa ∂I3
+
+
, (j, k = 1, 2, 3).
∂I1,i ∂λjk
∂I2,i ∂λjk
∂I3 ∂λjk

(26)

The three derivatives of the anisotropic CSE functional (1) for incompressible materials are
∂Ψa
∂Ψa
c2,i
∂Ψa
c
= c1,i + c3,i (c4,i + 1)I1,i4,i ,
= p
,
= 0.
∂I1,i
∂I2,i
∂I3
2 I2,i

(27)

Substituting (27), I1,i = I2,i = I3 = 1, and derivatives of invariant components with respect to normal
stretches into (26) yields the incompressible stress-free (ISF) condition in reference configuration
2c1,i + 0.5c2,i + 2c3,i (c4,i + 1) = 0.

(28)

Experimental tests of arteries have mainly been conducted by uniaxial tension, biaxial tension,
and simple normal tests (also known as constrained biaxial tension tests) under the assumption of
incompressibility. Thus, the CSE constitutive models in three deformation modes will be derived based
on the equations (2), (3), (4), and (26) through (28).
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Uniaxial Tension Mode. The deformation of uniaxial tension can be modeled as
x1 = λ1 X1 ,

x2 = λ2 X2 ,

x3 = λ3 X3 .

(29)

With the incompressible constraint of I3 = 1, the related tensors for the uniaxial tension mode in (29)
are F = diag[λ1 , λ2 , (λ1 λ2 )−1 ] and C =diag[λ21 , λ22 , (λ1 λ2 )−2 ]. The first principal invariant is obtained
as I1 = λ21 + λ22 + (λ1 λ2 )−2 . For the plane structural tensor (4), the two invariant components are

and their derivatives are

I1,i = λ21 cos2 θ + λ22 sin2 θ,

(30)

−2
2
2
I2,i = 0.5(λ21 λ22 + λ−2
1 sin θ + λ2 cos θ),

(31)

∂I1,i
= 2λ1 cos2 θ,
∂λ1

∂I1,i
= 2λ2 sin2 θ,
(32)
∂λ2
∂I2,i
∂I2,i
2
2
= λ1 λ22 − λ−3
= λ2 λ21 − λ−3
(33)
1 sin θ,
2 cos θ.
∂λ1
∂λ2
Substituting the derivatives (27), invariant components (30) and (31) and their derivatives (32) and
(33) into (26), and converting nominal stresses to Cauchy stresses by σut,i = Put,i λi yields the Cauchy
stresses, σut,i , for arteries with two identical families of fibers at angles ±θ
2
2c2,1 λ21 (λ22 − λ−4
1 sin θ)
σut,1 = 4c1,1 λ21 cos2 θ + q
+
−2
2
2 θ)
2(λ21 λ22 + λ−2
sin
θ
+
λ
cos
1
2
c4,1
2
2
2
2
2
2
4c3,1 (c4,1 + 1)λ1 cos θ λ1 cos θ + λ2 sin θ
,

(34)

2
2c2,2 λ22 (λ21 − λ−4
2 cos θ)
+
σut,2 = 4c1,2 λ22 sin2 θ + q
−2
2
2
2(λ21 λ22 + λ−2
1 sin θ + λ2 cos θ)
c4,2
4c3,2 (c4,2 + 1)λ22 sin2 θ λ21 cos2 θ + λ22 sin2 θ
,

(35)

where the subscript, ut, stands for the uniaxial tension mode.
Simple Normal Mode. In simple normal or constrained biaxial tension tests, the circumferential
tension test, λ1 as an independent variable, is conducted with the fixed axial stretch of λ2 = 1 while
the axial tension test, λ2 as an argument, is performed under the constrained circumferential stretch of
λ1 = 1.
Substituting λ2 = 1 into (34) and λ1 = 1 into (35), respectively, produce the models for simple normal
tests
2
2c2,1 λ21 (1 − λ−4
1 sin θ)
σsn,1 = 4c1,1 λ21 cos2 θ + q
+
2
2
2(λ21 + λ−2
1 sin θ + cos θ)
c4,1
4c3,1 (c4,1 + 1)λ21 cos2 θ λ21 cos2 θ + sin2 θ
,

σsn,2 = 4c1,2 λ22 sin2 θ+ q

2
2c2,2 λ22 (1 − λ−4
2 cos θ)
2
2(λ22 + sin2 θ + λ−2
2 cos θ)

+4c3,2 (c4,2 +1)λ22 sin2 θ cos2 θ + λ22 sin2 θ

(36)
c4,2

, (37)

where the subscript, sn, means the simple normal mode.
Alternatively, special simple normal tests with a fixed axial stretch, λ2 = 1, are conveniently conducted.
The corresponding nominal stress equations in circumferential and axial directions as a function of
circumferential stretch, λ1 , are given by
2
2c2,1 (λ1 − λ−3
1 sin θ)
Pssn,1 = 4c1,1 λ1 cos2 θ + q
+
2
2 θ)
2(λ21 + λ−2
sin
θ
+
cos
1
c4,1
2
2
4c3,1 (c4,1 + 1)λ1 cos θ λ1 cos2 θ + sin2 θ
,
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2c2,2 (λ21 − cos2 θ)
Pssn,2 = 4c1,2 sin2 θ + q
+
2
2
2(λ21 + λ−2
1 sin θ + cos θ)
c4,2
4c3,2 (c4,2 + 1) sin2 θ λ21 cos2 θ + sin2 θ
,

(39)

where the subscript, ssn, refers to the special simple normal mode.
Equibiaxial Tension Mode. Having ignored shear and its coupling effects, the simplified equibiaxial
tension models can be readily obtained by submitting λ1 = λ2 = λ into (34) and (35), respectively
σet,1 = 4c1,1 λ2 cos2 θ +

2c2,1 (λ4 − λ−2 sin2 θ)
p
+ 4c3,1 (c4,1 + 1) cos2 θλ2c4,1 +2 ,
2(λ4 + λ−2 )

(40)

σet,2 = 4c1,2 λ2 sin2 θ +

2c2,2 (λ4 − λ−2 cos2 θ)
p
+ 4c3,2 (c4,2 + 1) sin2 θλ2c4,2 +2 ,
2(λ4 + λ−2 )

(41)

where the subscript, et, indicates the equibiaxial tension mode.
With the ISF condition (28), the CSE models (34) and (35) for uniaxial tension tests, (36) and (37)
for simple normal tests or (38) and (39) for special simple normal tests, and (40) and (41) for equibiaxial
tension tests can be further simplified in subsequent curve fitting processes.
2.3

Solution Algorithm for Model Parameters

One advantage of the anisotropic CSE functional for constitutive modelings is its solution algorithm. For
the CSE models, the constitutive constants can be solved by a TED-LLSQ method. One of the equibiaxial
tension models is used as an example to illustrate the solution procedure in details.
Substituting (28) into (40), rearranging yields
"
#
2(λ4 − λ−2 sin2 θ)
2
2
p
− λ cos θ + 4c3,1 (c4,1 + 1) cos2 θ(λ2c4,1 +2 − λ2 ).
(42)
σet,1 = c2,1
2(λ4 + λ−2 )
For normal deformations, the application of the ISF condition gives c1,1 = −0.25c2,1 − c3,1 (c4,1 + 1).
The remaining constitutive constants, c2,1 , c3,1 , and c4,1 , are solved by the TED-LLSQ method. The
quasi-linear least squares equations are
c2,1

N
X
p=1

c2,1

N
X
p=1

Bp2 + c3,1

N
X

Bp Cp =

p=1

Cp Bp + c3,1

N
X
p=1

N
X

σe,p Bp ,

(43)

σe,p Cp ,

(44)

p=1

Cp2 =

N
X
p=1

where σe,p is the pth data of experimental Cauchy stresses and the coefficients for equibiaxial tension
tests given by (42) are
2
2(λ4p − λ−2
p sin θ)
Bp = q
− λ2p cos2 θ,
(45)
−2
4
2(λp + λp )
4,1 +2
Cp = 4(c4,1 + 1) cos2 θ(λ2c
− λ2p ).
p

The error between the CSE model and the experiment is defined by the following equation
qP
N
2
p=1 (σp − σe,p )
qP
=
,
N
2
(σ
)
e,p
p=1

(46)

(47)

where σp is the pth data of theoretical Cauchy stresses calculated from σet,1 (42).
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Figure 3. The signal intensity versus fiber angle for flexor tendons and median nerve [9].

The nonlinear constant, c4,1 , in (46) has to be initially determined in order to solve the equations (43)
and (44) linearly. Since c4,1 is the one and only one nonlinear constitutive constant, a TED method is
specially developed for the anisotropic CSE functional.
For c4,1 = AB.CDEFGHI ∈ (0, 100) as an example, the TED method starts with tens digit, i.e.,
A = {10, 20, 30, 40, 50, 60, 70, 80, 90}. In the nine trials, the number with the smallest error defined in (47)
is obtained as A. The number of trials on each of the following digit is 18 instead of 9 since the current
number, AB, could be either larger or smaller than the previous number, A, and a zero digit has been
previously tested. Then, there are eighteen trials for B = ±10−1 A = {±1, ±2, ±3, ±4, ±5, ±6, ±7, ±8, ±9}
while adding AB together. Then, for C = 10−1 B = {±0.1, ±0.2, ±0.3, ±0.4, ±0.5, ±0.6, ±0.7, ±0.8, ±0.9}
eighteen trials is conducted while adding up to AB.C. A similar process will continue to be used for
sequentially smaller digits until the desired digit. In this example, the last desired digit is the tenmillionths I = 10−7 B while the final decimal number AB.CDEFGHI is constructed and solved with only 153
trials. Thus, the TED-LLSQ method is numerically accurate, stable, and efficient. Furthermore, possible
multiple solutions for exponential stored energy functionals, due to ill-conditioned minimization problems,
have to be dealt with by trials on multiple initial values of model parameters.

3

Experimental Results and Models

3.1

Experimental Results of the Magic Angle

The mean signal intensity as a function of fiber angle provides the characteristic signature of the magic
angle effect. The signal intensity versus fiber angle for flexor tendons and median nerve published in [9] is
digitized and replotted in Figure 3. The mean signal intensities for both flexor tendons and median nerve
increase from 0◦ up to a maximum at 60◦ instead of 55◦ and decrease toward 90◦ .
In addition, fiber angles of aortas and arteries can also be experimentally measured. Fiber angles, θI ,
θM , and θA , for intimal, medial and adventitial layers of human aorta respectively were measured by
Holzapfel (2006) [18]. Layer-specific fiber angles for thoracic (T) and abdominal (A) aortas, and common
iliac (CI) arteries, later, have been experimentally measured. Samples were taken from seven locations
T1, T2, T3, A1, A2, A3, and CI (Schriefl et al., 2011) [19]. The layer-specific fiber angles, θI , θM , and θA
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Table 1. Measured fiber angles and wall thickness ratios of human arteries.
θI (◦ )

θM (◦ )

θA (◦ )

Aorta-A

±18.8±8.2

±37.8±20.6

±58.9±14.8

13/50/37

±43.1±16.8

Aorta-T

±40.3±22.6

±27.5±15.3

±51.9±17.0

12/57/31

±36.6±16.7

Aorta-A

±37.8±23.7

±24.9±14.7

±48.9±18.8

16/50/34

±35.1±17.5

Artery-CI

±43.7±24.3

−

±53.8±17.9

14/44/42

−

Name

ηI /ηM /ηA

(%)

θW (◦ )

Figure 4. Comparison between CSE models and equibiaxial tension tests for porcine aortas.

and intact wall mean fiber angles, θW , with standard deviations, and the layer-specific wall thickness
ratios, ηI , ηM , and ηA , are averaged in similar type but different locations and summarized in Table 1.
3.2

Modeling for Porcine Aorta Walls in Equibiaxial Tension Tests

Equibiaxial tension tests of porcine descending thoracic aorta (DTA) walls with cruciform specimens have
been conducted by Ahuja et al. (2018) [20]. Experimental curves for mid true lumen wall of porcine 5
in both circumferential and axial directions have been used to fit the equibiaxial tension CSE models
(40) and (41). A self-developed graphics digitizer with MATLAB has been used to read out pairs of data,
and axial Cauchy stress as a function of stretch up to 1.4 has been selected. For thoracic aortas, the
mean angle pairs are ±40.3◦ , ±27.5◦ , and ±51.9◦ for intima, media, and adventitia, respectively and
the corresponding wall thickness ratios are 0.12, 0.57, and 0.31, respectively [19]. The fiber angle pair of
±θW = 36.6◦ is averaged among the angles of intimal, media, and adventitia layers before curve fittings.
Two sets of constitutive constants have been solved by the TED-LLSQ method and listed in Table 2.
The comparison between the anisotropic CSE model and the equibiaxial tension test data of the porcine
thoracic aorta wall is shown in Figure 4.
3.3

Modeling for Human Abdominal Aorta Aneurysms in Special Simple Normal Tests

Special (λ2 = 1) simple normal tests of human abdominal aorta aneurysm (AAA) walls with cruciform
specimens have been conducted by Pancheri et al. (2017) [21]. Experimental curves of AAA averaged
over thirteen patients in both circumferential and axial directions have been used to fit the special simple
normal CSE models (38) and (39). Fifteen pairs of data, similarly, have digitally been read out. The fiber
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Figure 5. Comparison between CSE models and special simple normal tests for human AAAs.
Table 2. Constitutive constants of CSE models for different aortas.
Aortas

c1,i (kPa)

c2,i (kPa)

c3,i (kPa)

c4,i

Porcine DTA-1

−44.91993

165.52322

0.53354

5.6332578

Porcine DTA-2

−40.79526

150.78283

0.52009

4.9595702

Human AAA-1

−23.74536

90.66609

0.06064

16.7908264

Human AAA-2

−15.68429

26.07469

0.48364

17.9511897

angle pair of ±θW = 6.7◦ is adopted before curve fittings. Two sets of constitutive constants have been
solved by the TED-LLSQ method and listed in table 2. A comparison of the anisotropic CSE model and
the special simple normal test data of human AAA walls is shown in Figure 5.

4

Discussion

4.1

Fiber Angles of Aortas

√
The magic angle of θm = arctan[( 5 + 1)/2] ≈ 58.2825◦ has been derived based on kinematic analyses of
simple shear deformations. Direct histological image measurements for mean angles of adventitial layers
listed in Table 1 match the theoretical magic angle. Indirect MRI measurements of mean signal intensity
for both flexor tendons and median nerve clearly demonstrate that the magic angle is closer to 60◦ rather
than 55◦ shown in Figure 3. The adventitial layer of aortas is reinforced with collagen fibers oriented
at the symmetrically paired magic angles. Only a fiber in tension can support the same maximum load
regardless of fiber lengths while a fiber in compression, bending, and torsional deformations can not.
Thus, the main function of an adventitia is to accommodate twist buckling, in which shear stretches are
efficiently converted to normal stretches of fibers.
The mean angles for intact aorta walls,
√ θW , estimated and listed in the last column of Table 1, are
very close to the angle of θv = arctan(1/ 2) ≈ 35.2644◦ . Under θv with certain geodesic fiber length, the
lumen volume is maximized. Inversely, the fiber length oriented at θv is minimized for certain lumen
volume. Thus, aorta walls with the mean fiber angle of θv may minimize the usage of collagen fibers.
The mean angle for human abdominal aorta walls is about 35.1◦ while that of human AAA is only
about 6.7◦ . In the wall of a pressurized artery, the circumferential stress is twice the axial stress. As

JAAM

Copyright © 2019 Isaac Scientific Publishing

Journal of Advances in Applied Mathematics, Vol. 4, No. 2, April 2019

65

abdominal aortas grow into aneurysms, shears from both solid and fluid are reduced but circumferential
tensions become major issues. More collagen fibers, therefore, are needed for abdominal aorta aneurysms
than abdominal aortas.
4.2

Experimental Tests of Arteries

Stretches are defined in a general deformation gradient tensor F. For general three-dimensional deformations, F can be formally and conveniently expressed as

 

λ11 κ12 κ13
λ1 κ1 κ3
∂x
F=
=  κ21 λ22 κ23  =  κ2 λ2 κ5  .
(48)
∂X
κ31 κ32 λ33
κ4 κ6 λ3
In the nine stretches of a deformation gradient tensor, diagonal stretches, λ1 , λ2 , and λ3 , are normal
stretches, giving length change information while off-diagonal stretches, κ1 , κ2 , κ3 , κ4 , κ5 , and κ6 , are
shear stretches, providing angle change information.
Rigid-body translation is automatically removed from the partial differentiations in F (48)1 . Rigid-body
rotation is also removed in the right Cauchy–Green tensor, in which C = FT F = UT RT RU = U2 in
terms of right stretch tensor U and rotation tensor R based on the polar-decomposition theorem [22].
In experimental tests of certain modes, rigid-body motions should be avoided even though they have
essentially been removed. For stable deformations in experimental tests of arteries, the normal and shear
stretches based on (24), (25), and (21), should be controlled by the following guidelines
0.618 ≤ λ ≤ 1.618

and

− 1 ≤ κ ≤ 1.

(49)

The test results for both DTA and AAA walls are stable data since their maximum deformations follow
the guidelines (49). The deformation gradient tensor can clearly capture key features of experimental
tests with different deformation modes.
Uniaxial Tension Tests. In uniaxial tension tests of incompressible anisotropic materials, only
diagonal stretches exist and the deformation gradient tensor becomes a diagonal tensor of Fut =
diag[λ1 , λ2 , (λ1 λ2 )−1 ]. In uniaxial tension tests of arteries, both circumferential and axial stretches, λ1
and λ2 , have to be measured simultaneously in order to characterize the anisotropic materials correctly.
The uniaxial tension test is one of the most commonly used tests, having advantages of efficiency,
accuracy, and stability over a large deformation range. Physiological deformations of arteries, however,
naturally exhibit the biaxial stretching mode of λ1 ≥ 1 and λ2 ≥ 1, which is beyond the domain of uniaxial
tension modes of either λ1 ≥ 1 and λ2 ≤ 1, or λ1 ≤ 1 and λ2 ≥ 1. Structural integrity disturbed at
lateral edges during uniaxial tension tests of aortas has been observed. As a result of material instabilities,
measurements capture uncertainties (Holzapfel, 2006) [18]. Thus, uniaxial tension tests are not appropriate
to characterize arteries.
Biaxial Tension Tests. In biaxial tension tests of incompressible anisotropic materials, both diagonal
and off-diagonal stretches exist and the deformation gradient tensor becomes


λ 1 κ1 0
Fbt =  κ2 λ2 0  ,
(50)
0 0 λ3
where λ3 = (λ1 λ2 − κ1 κ2 )−1 .
The biaxial tension test involves one of the most complicated deformations among other available tests
because of the number of independent variable stretches. In general, four variables, λ1 , λ2 , κ1 , and κ2 ,
have to be measured. In biaxial tension tests of soft biological tissues (SBT), normal stretches generally
range in λ ∈ [0.7, 1.7] and shear stretches are limited to κ ∈ [−0.1, 0.1] (Potter et al., 2018) [23]. When
protocols with constant ratios of λ1 to λ2 are used, the independent variable stretch can be reduced,
especially for equibiaxial tension tests with λ1 = λ2 . Stress–stretch curves in biaxial tension tests of
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square specimens are generally overestimated and shear stretches are generally two order of magnitude
smaller than normal stretches, i.e. κ ≈ 10−2 λ (Aydin et al., 2017) [24]. Cruciform specimen should be
used in order to reduce shear stretches and to achieve more uniform force distributions.
The specimen size of about 4 mm by 4 mm has been used to deal with issues of arterial sizes, material
homogeneity, and accuracy of biaxial tension tests by Potter et al. (2018) [23].
Simple Normal Tests. In simple normal tests, the circumferential tension, λ1 , was conducted under
the fixed axial stretch of λ2 = 1 while the axial tension, λ2 , was conducted under the fixed circumferential
stretch of λ1 = 1. In simple normal tests of incompressible anisotropic materials, the deformation gradient
tensor becomes




λ1 0 0
1 0 0
Fsn,1 =  0 1 0  and Fsn,2 =  0 λ2 0  .
(51)
0 0 λ−1
0 0 λ−1
1
2
Simple normal tests of rabbit abdominal skins were first conducted by Lanir and Fung (1974) [25].
The test was later used to examine if material parameters of strain energy function are physically realistic
by Humphrey (1999) [26]. The simple normal test of arteries was further recommended by Veljković
and Kojić (2010) [27]. For anisotropic materials including arteries, simple normal tests have only one
independent variable λ1 or λ2 , which are simpler than uniaxial tension tests of two independent variables
λ1 and λ2 . Furthermore, simple normal tests overcome arterial instabilities due to non-physiological
deformation modes including uniaxial tension tests.
In simple normal tests, shear stretches can be minimized, and forces needed in fixed directions do
not have a stress work-done on materials. Both simple shear and simple normal tests of arteries have
only one independent variable despite more complicated loading conditions. Thus, simple normal tests of
layer-specific arterial walls are promising.

4.3

On Isotropic-Anisotropic Split

SBTs including arteries as fiber-matrix composite materials are usually recognized as anisotropic hyperelastic materials. Many phenomenological constitutive models for arteries additively decompose a stored
energy functional into isotropic and anisotropic parts. The concept of the isotropic-anisotropic split might
be simply adopted from constitutive models for composite materials with infinitesimal deformations.
In constitutive modeling of anisotropic hyperelastic materials, division in a geometrical sense is not
worthwhile since putting parts back as a whole is more difficult than dividing a whole into parts and new
interfaces are created after splitting. Interface issues are usually harder to resolve than those of individual
parts, let alone the problems of modeling the physical contact between two bodies have not been solved
satisfactorily (Podio-Guidugli, 2018) [28].
In constitutive modeling of fiber-matrix composite materials with infinitesimal deformations, fiber
and matrix are individually characterized by experimental tests. It is daunting to characterize collagen
fiber and liquid-like matrix for arteries individually. Experimental characterizations for arteries under
finite deformations, therefore, are conducted on whole fiber-matrix composite materials.
The accuracy on stress magnitudes separately contributed by isotropic and anisotropic parts of a stored
energy functional at same stretches in curve-fittings of experimental test results of whole SBT materials
is questionable. Generally, the larger difference of stress contributions between isotropic and anisotropic
parts transfers to corresponding tangent stiffness matrices. The ill-conditioned stiffness matrix occurs
since the unbalance between decomposed isotropic and anisotropic parts of a stored energy functional
(Duong, Nguyen, and Staat, 2015) [29].
In the anisotropic CSE functional, anisotropic and uniform deformations, and mean fiber angles are
kept as key essences while other geometrical details of fiber, matrix, and even interface are purposely
ignored. Since isotropic finite deformations are special cases of anisotropic finite deformations, the
anisotropic CSE functional alone is enough to model SBTs and the isotropic part of a stored energy
functional is redundant.
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Conclusions

√
The magic angle of θm = arctan[( 5 + 1)/2] ≈ 58.2825◦ has been optimally obtained based on kinematic
analyses of simple shear of a unit cube with two symmetrically paired families of fiber bundles. Experimental
results from both direct histological image and indirect MRI mean signal intensity show that the magic
angle is closer to 58.2825◦ rather than 54.7356◦ . Thus, the major function of adventitial layers of aortas
with fiber bundles oriented at the magic angles is discovered to accommodate twist buckling optimally.
As byproducts from the magic angle study, the stable deformation ranges for normal and shear stretches
are defined.
Unlike exponential-typed stored energy functionals, the anisotropic CSE functional has only one
nonlinear constitutive constant. A TED method is newly developed to initially determine the nonlinear
constant c4,i so that the rest of constants can be determined by the standard LLSQ method. For a
seven-decimal place accuracy, only 153 trials are needed for c4,i ∈ (0, 100), making curve-fittings with
excellent numerical properties of stability, efficiency, and accuracy. In addition, the anisotropic CSE
functional, without the isotropic-anisotropic split, avoids the ill-conditioned stiffness matrix.
The anisotropic CSE constitutive models for uniaxial tension, biaxial tension, and simple normal
tests have been derived. The constitutive constants for the equibiaxial tension tests of porcine DTAs and
the special simple normal tests of human AAAs have been solved by the TED-LLSQ method. Simple
normal tests, along with simple shear tests, are strongly recommended for characterization of intrinsic
and layer-specific mechanical responses of arterial vessels.
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