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Abstract Yu and Diao [1] studied the estimation problem under the Cox model with linearly
time-dependent covariates and with interval-censored (IC) data under the distribution-free set-up.
They proposed a modified semi-parametric MLE (MSMLE) and the simulation results suggest that
the MSMLE is consistent. In this paper, we establish the consistency of the MSMLE.
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1 Introduction

In this paper, we establish the consistency of the semiparametric estimator proposed in Yu and Diao
[1] under the proportional hazards (PH) model with a special continuous time-dependent covariates and
with interval-censored data.

Let Y be a continuous random variable, with the cumulative distribution function (cdf) Fy, where
Fy(t) = P(Y <t). Its survival function is denoted by Sy (t) = 1 — Fy (t), its density function by fy (¢),

and its hazard function by hy (t) = SfY Y(it_)). Let z be a p x 1 covariate vector. We say that (z,Y") follows

the PH (or Cox) model if the conditional hazard satisfies

h(t|z) = hy|z(t|z) = ho(t)ePZ, for t < T, (1.1)

where 8z = 'z, 8’ is the transpose of the p x 1 vector 3, 7 = sup{t : ho(t) > 0}, and h, is the hazard
function of Y|(z = 0). The PH model has been extended to the time-dependent covariates PH (TDCPH)
model (see [2] p.113). For instance, replace z in (1.1) by z = z(t) = ufg(t), where u is a time-independent
covariate, and g(t) is a function of the time ¢, e.g., g(t) = (¢t — a)1(¢t > a), where 1(A) is the indicator
function of an event A (see [2] p.113). We shall call the latter case the PH model with linearly time-
dependent covariates (LDCPH model). Interval-censored (IC) data are (L;, R;), ¢ = 1, ..., n, where the
true survival time Y; € (L;, R;]. A realistic model for the IC data is the mixed case interval censorship
model (see [3]). One of its special case is the case 2 interval censorship model (C2 model) (see [4]).

The TDCPH model including the LDCPH model has been commonly used for right-censored (RC)
data. The semi-parametric estimation with IC data under the LDCPH model was first studied by Yu
and Diao [1], that is, h(t|z(t)) satisfies Eq. (1.1) with

Z(t) =Ux (t —a)1(t > a), where U is a time-independent covariate vector, (1.2)

a is a real number and both S and S, are unknown. As explained in their paper, this covariate Z(t)
is very typical and share the light on how to estimate (3, h,) under the PH model with IC data and
with other types of time-dependent covariates. Under the semi-parametric set-up, the typical estimation
approach for right-censored data is the partial likelihood estimation. However, it is well known that this
approach only works for right-censored data, but not for IC data (see, for example, Wong and Yu [5]).
The main findings about the LDCPH model in Yu and Diao [1] are as follows. (1) Even if the
parameter ( is not a vector, 8 may not be identifiable if the support set (of the observable random
vector) contains only finitely many elements. This is quite different from the case of the PH model with
time-independent covariates, under which f is identifiable even if the support set contains only one point.
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(2) The generalized likelihood function needs to be modified, as it must be of the form of hazard functions
under the semi-parametric set-up in (1.2). Otherwise, there is no consistent estimator of 3. (3) Several
naive modifications on the generalized likelihood function do not lead to consistent estimators. (4) A
modified semi-parametric MLE (MSMLE) was proposed and their simulation studies suggested that the
MSMLE of § is consistent.

In this paper, we prove the consistency of the MSMLE. The main difficulty in the proof is that there
may not exist a convergent subsequence of the estimates of h, in (1.1), but the MSMLE is in the form
of the estimate of h,. The paper is orgainized as follows. The MSMLE is introduced in Section 2. The
consistency of the MSMLE is established in Section 3. The proofs of some lemmas are put in Section 4.

2 The MSMLE

The generalized likelihood function with IC data (L;, R;)’s is often given by
ﬁ* = H:»l:l us(.‘.)(li\Zi), where ,U/S(‘)(I’L‘ZZ) = S(LZ|Z1) — S(R1|ZZ) and [i = (L“Rz} (21)

L, depends on the survival function S(¢|z). Yu and Diao [1] showed that if S(t|z) satisfies the PH model
and is absolutely continuous, and Z = Z(t) = (t — a)UL(¢t > a), then

S(t[z(1)) = exp(— /t Hulemaltzap, (1)dz)

0

_ {So(t) if t <aoru=0 (2.2)

So(a)exp(— fat efu@=ap (2)dx) ift > a and u # 0.

Hereafter, abusing notations, we write S(t|u) = S(t|z(t)) and h(t|u) = ho(t) exp(ful(t > a)(t — a)).
Notice that the two hazard functions h,(t) = 1(t > 0) and hy = 1(t € (0,2) U (2,00)) both lead
to S,(t) = exp(—t) if t > 0. Since h, (or f,) can differ on a set A satisfying [, dF,(t) = 0, where
El(t) if FI(t) exists
0 otherwise
support set of the cdf F' or a measure dF, in the sense that = € Sp iff F(x +¢) — F(x —¢) >0,V e > 0.
Proposition 1. (Yu and Diao [1]). The survival function S(t|u) is identifiable if ¢ € Sy, U Sp,,. An
identifiability condition for S under the mixed case IC model is that Sg, U S, contains infinitely many
points {t;};>1 with a limiting point, say t, = lim;_, t; in (a,c0), provided that F}(t,) > 0.

An interval A is called an innermost interval (II) if it is an intersection of the observed intervals Iy,
vy Iny and if ANT; = A or 0 for each I;. Tt is well known (see [8]) that under the PH model with
time-independent covariates in order to maximize L., it suffices to put the weights of S, to the II’s.
Moreover, the weight to each II is uniquely determined, but not the distribution of the weight within
the II. Let Ay, ..., A, be all the II's induced by I,’s and let (v;,w;) be the pair of endpoints of A;,
where wyg = —0co < w1 < wy < -+ - < Wy, < 0. For each 4, let §; = 1(R; < w,,) and define [; and r; by
wy, < R < wy,41 and wy, < L; < wy,+1. Then the likelihood function in (2.1) becomes

L1(8,5,) = H (So(wr,) — So(wy,))

R;<a or u;=0

H {So(wli) - fiso(a) exp(— Z " eﬁ(wia)ho(x)dx)} : H So(a)
(2.3)

F,=1-15,, we define f,(t) = for identifiability of f, and h,. Let Sg be the

L;<a<R;,u;#0 w;€la,R;] Y Y7 L;>a,u;#0
- [exp(— Z / (z— a)h (z)dz) — & exp(— Z / eBla— a)h (z)dz)].
w;€(a,L;] Y Y7 w;€(a,R;] VI

Since h, is a function of x and needs to be properly defined on [v;,w;] for all j < m (note that
So(wm) = 0), Yu and Diao proposed to modify the likelihood as follows.

First, let ho(x) = 0 if & ¢ Ug (v, wg], where (v, w1], ..., (Um,ws,] are all the II’s. Moreover, notice
that each (vg,wy] will be contained by several modified observed intervals I;’s (see Remark 2 in Yu and
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Diao [1]) with J (> 1) distinct values of u;’s, where J depends on k. There are two types of (v, wy): (1)
wy — v & 0, or wg < a, or wy —a ~ 0 and a € (vg, wg]; (2) otherwise. For k < m, define

constant on (v, wg] if (vg,wy) belongs to type (1)
ho(z) =

J-piece-wise constant on (vi,wy] if (v, wy) belongs to type (2)
(in particular, if (vk,wy) belongs to type (2), then

J

ho(z) = thjl(x € (vkj, wk;]) for x € (vg, wyl, (2.4)

j=1
where vy = Vg1, Wil = Vo, Wk2 = U3, -oy WhJ = Wk, Whj — Vkj = ’wk{vk ?f a € (vg, w], ] e{1,..,J}
W=t if a ¢ (vg, wi], j €1{2, ..., J}

and hy;’s are constant.
If k£ = m, simply define S,(w;,) = 0 (h, can be arbitrary on (v, w.,], provided that h, > 0 and
L™ ho(z)dx = o0). Abusing notations, let (a;,b;] be the interval in which h, is constant, as specified in

(2.4). Then h,(z) = > hj1(z € (a;,bs]), where hj is a constant and (a;, b;] may not be an II. Then £y
in (2.3) becomes

n

L(B,S,) = [ [(S(Li|U:) — S(Ri|UY))

1=1
= 11 {eXP(— > hilb;— a1 —exp(— > hj[bj—aj])]&}
R;<a, or u;=0 bJSLl bje(Li,Ri]
e auil Bb. B
[T {ss@en-S 0 3l - e
Li>a,u; 20 7 bie(a L) 95
e—auif wiBb; wiBa; ( . )
o= Y Ryl - i)
u; 3 b, -
JG(L17R1]

11 {exp(— > hylby —ay)%)

L;<a<R;,u;#0 bJ§L1
e—auiP

—exp(= 3 hilby—a) === Y, Ryl - e“”‘”])]&}-

bjE(Ll,a] b]‘E(Li,Ri]

The MSMLE maximizes £ over all h;’s and (. It is well known that the Newton Raphson method does
not work for deriving the SMLE or the MSMLE under the PH model with IC data (see Wong and Yu
[5]). Yu and Diao [1] suggested to use the steepest decent method.

3 Consistency

In order to simplify the presentation of the proof of consistency, we shall only make use of the C2
model and assume that § € (—o00,00). The C2 model assumes that C; and Cy are two random follow-
up times, (L,R) = (—OO,C1)1(Y < Cl) + (01,02)1(Y S (01,02]) + (OQ,OO)].(Y > 02), (01,02) and
(Y,U) are independent, and P(C; < C3) = 1. Define a measure p on the Borel o-field B on R! by
u(B) = P(Cy € B)+P(Cy € B), B € B. Assume that (L;, R;, U;)’s are 1.i.d. from F1, gy (difQ). Denote
Q = Q(Z[I,y,Z) = Z:‘L:l l(L’L S 'I,Ri S Y, Uz S Z)/TL

Theorem 1. Assume that the censoring satisfies the C2 model, S(t|u) satisfies (2.2), the identifiable
condition in Proposition 1 holds, and U takes on at least two distinct values. Then [ \S',L —8,|du*%0 and
Bn3 8, where (S’,L,Bn) is obtained by mazimizing L in (2.5).

Let £2 be the sample space. In order to prove Theorem 1, we shall make use of the next 3 lemmas.
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Lemma 1. Suppose that {{in}n>1 is a sequence of measures on the measurable space (A, X) such that
n(B) — w(B), VYV B € X. Let {fn}n>1 be a sequence of non-negative integrable functions. Then

f.A lim f,dp < lim fAfndMn

Q

Lemma 3. Given w € {2, for each sub-sequence of {S’n |)}n>1, there exists a further subsequnce, say
{S‘n].(~|~)}j21 and a function S.(-|-) such that 5‘”_7. (tlu) — Si(t|u) for each (t,u).

Lemma 1 is Fatou’s Lemma with varying measures. It is almost the same as Proposition 17 in [7]
(page 231), and so is its proof. Thus we skip the proof of Lemma 1. Lemma 2 is the multvariate version
of the Glivenko - Cantelli theorem. Eddy and Hartigan [8] presented a similar version of Lemma 2 with
certain addtional regularity conditions such as P((L,R,U) € B) = 0, where B is the boundary of Sp, .
However, P(B) > 0 under the assumptions in this paper. Thus their result is not applicable here. Lemma
3 is a variation of Helly’s selection theorem. The proofs of Lemmas 2 and 3 are relegated to Section 4 for
a better presentation.

Lemma 2. P(£2,) = 1, where 245 ={w € 2: sup, , . 1Q(z,y, 2)(w) — Q(z,y, 2)(w)| = 0}.
(.

Proof of Theorem 1. We shall give the proof in 3 steps.
Step 1 (preliminary). Let S (¢) = S, (tju) = exp(— fg eus=als>a)p (5)ds), where h, is a hazard
function and let S, = Sﬁo) and F, =1 — S,. By Eq. (2.5), the normalized generalized log-likelihood is
L,(S.,b)=1 f:l log(Siuj b)(Lj) - SiTij)(Rj)). By the strong law of large numbers (SLLN),

4=

L0 (S, )5 Lo (S, D) B(L,0(S., b))

Let wg, (c1,c2,U) = F(c1|U)log Fi(c1|U) + S(c2|U)log Si(c2|U) + (S(c1|U) — S(e2|U)) log(S«(c1]U) —
Si(c2|U)). Then

L,(S+,0) =E(L,(S«,b)) = E(log(S«(L|U) — S.(R|U)))
=E(E(log(S.(LIU) — S.(RIU)))|U)
=E(E(ws, (C1,C2,U)|U)).

Step 2 : £,(S,,b) is maximized iff S, (t|u) = S(t|u) for each (t,u) € S, x Sp, and b = .

It is easy to check that the expression wg, (c1,c2,u) is maximized by a conditional survival func-
tion Si(:]-), if and only if Si(c;lu) = S(c|u), ¢ € {1,2}. Since sup{|plogp| : 0 < p < 1} < 1,
wg, (¢1, ¢ca,u) is bounded by 3, we see that L,(S,b) is finite. Thus S(:|-) maximizes £,(Sx,b). More-
over, by Eq. (2.2), S(t|u) = exp(— fot eﬁ"(r_“)l(tza)ho(x)dx) is continuous in (¢, u), thus any other S, (:|)
that maximizes L£,(Ss, b) satisfies S.(-|u) = S(-|u) on S, X Sg, . Furthermore, notice that one can write
S(t|u) = exp{— fot e(“_uo)ﬂ(s_c)l(s>0)h1(s)ds}, where u, € Sg, and hi(s) = 6“"6(5_0)1(S>c)h0(8). With-
out loss of generality (WLOG), we can assume that 0 € Sg,. Thus S,(t|0) = S(¢[0) for t € S,,. Now,
Sy (tlu) = exp{— f; eubs=)L(s>0) ho(s)ds}, We shall show that b = . Since the identifiable conditions in
Proposition 1 hold, for ¢, and ¢ € Sk, U Sk, satistying tx — t, and F!(t,) > 0,

— log(5, (tx]0)) — (—log(5, (£.|0))

hi(t,) = lim
tr—to ty —to
i —108(5,(01)) — (< log(S, 1)
t—to tr — o
tk o
ho(s)ds — ho(s)d
iy o PO o
tr—to tr —to
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By assumption, there exists some u # 0, then

itz () _ i OB (10)) — (~log(S(1e[0)

tr—to tr —to
iy los(85" (81) — (—log(S5"™ (t))
ty—to tr — 1o
tk u(s—a)Bl(s>a) _ [to ju(s—a)Bl(s>a)
_ Joe ho(s)ds — [, e ho(s)ds
e b — to

_ eu(to—a)ﬁl(toza)ho(to).

Thus, we must have e“(to=@bLto=a)p (¢ ) = eulto—aBLlta=a)p (1) and h(t,) = ho(t,), as F!(t,) > 0.
Then h,(t,) > 0, which means b = 8. That is, £,(S5,b) is maximized by (S,, 8). This proves the claim.
Step 3 (final conclusion). Let £2, = {w : limy, 00 £,,(Ss, 8) = Lo(S,, B)}OQQ. It follows from the SLLN
and Lemma 2 that P({2,) = 1. Hereafter, fix an w € (2.

By Lemma 3, given any subsequence {n;};>1 of {n},>1, there exist a futher subsequence, say itself
such that S, ,(tlu) — Si(tlu) for each (t,u). Moreover, since Bn € (—00,00), there is a subsequence
which converges to b € [—o0, 00]. WLOG, we can assume that S, (-|]-) = S, (-|-) and 3, — b. Then

lim £,(Sn, 5n) = T [ log(Su(lfu) = Su(ru)dQ(L . u)

n—oo n—oo A

=~ lim [ —log(Sa(llu) = Sp(rlu))dQ(l, r,u)) (3.1)

n—oo J A

—/A lim —log(S,(I|u) — Sy (r|u)dQ(l, 7, u) (by Lemma 1,

n—0o0

IN

( ) Q( ) — Q(n) for every Borel subset n of A = {(I,r,u): —o0o <1l <r < oco,u € (—o0,00)} and (2)
0g(8,,(Ilu) — S, (r|u)) > 0). Consequently,

Lo(S0, ) < T L1150, Br) (as Ln(So,8) < Ln(Sn, )
< [ 1m ~log(Su(l) — ()@t v (by (3.1))
A n—oo
= /A log(S.(I|u) = Su(r[u)dQ(l, v, u) (as Sy (t|u) — S.(t|w))
= L,(S,,b)
< L,(S,,b) (by the claim in Step 2), V w € (2,.

Notice that P(£2,) = 1. Thus S, = S, a.s. g and b = 8 by the claim in Step 2. o.

4 Proofs

Proof of Lemma 2. Given € = 1/k, there exist 1, ...., Ty, Y1, ey Yms 21y coeey 2m € (—00,00]
such that max{P(L € (zi—1,2)),P(R € (yi—1,4:))P(U € (2i—1,2:))} < € for i € {1,....,m}, where
zo = Yo = 20 = —00 and Ty, = Ym = 2Zm = 00. Let 2 be the event that max; ; n{|Q(zi,y;, 2n) —

Qi yj, 2n)| + |Fr(zi—) — Fr(@i—)| + |Fr(y;—) — Fr(y;—)| + [Fu(za—) — Fu(zn—)[} — 0. Since m is
finite, P(£2;) = 1. Let w € 2. There exists n, such that
|Q(~Twyg72h) Q(i, 5, 2n)| < e,
|Q(xi—, 00, 00) — Q(i—, 00,00)| < ¢,
|Q(OO Yi—s ) Q(oo7yj_’oo)| <€,
|Q(oo 00, zp—) — Q(00, 00, zp,—)| <€, Vi,j,h € {0,1,2,...,m}.
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Now V (x,y,z), 3 some (ivja h) such that (ZL’,y,Z) € (xi—laxi} X (yj—layj} X (Zh—lazh}~ If (ZL’,y,Z) =
(xi, Y5, 2n), then |Q(x,y, z) — Q(z,y, 2)| < e. Otherwise, there are 12 disjoint cases such as:

(1) z € (xi—1,25), ¥y € (yj—1,y;) and z € (2h—1, 21);

(2) x € (zi—1,2:), y =y, and z € (zh_1, 2n);

(3) 2 € (@120, y € (g51,5) and 2 = 23

(4) z € (zi—1,2;), y = y; and z = z; etc.
In each of the 12 cases, we can also show that |Q(x,y, z) — Q(z,y, z)| < e. For instance, in Case (1),

Q@ y,2) — Q(z,y,2)]
<|Q(xi—,yi— 2n—) — Q@i—1,Yj—1, 2n—1)| + |Q(xi—, yi—, 2n—) — Q(Ti—1,Yj—1, 2h—1)]
<IQ@i—,y— =) — Qwi— y;— 2n—) + Q(@i—, yj— 2n—) — Q(@i-1,Yj—1, 2n-1)]
H1Q@i-1,95-1,20-1) = Q@i-1,2 1, Yj—1,2h1) + Q(@im1, Y51, 2n-1) — Q(@i—, y;—, 2n—)]
<| A( —Yi—2n—) — Q@i—,yj—, 2n—)| + Q(wi—,yj—, 2n—) — Q(Ti-1,Yj—1,2n-1)]
<e <(Fr(zi—)—Fr(@i-1))+(Fr(y;—)—Fr(y;j-1))+(Fu(zn—)—Fu(2n-1))

+ |Q($i717yj—172h71) —Q(wi—1,yj-1,2n-1)| +
<8¢, (as w € ;).

Q(xiflayjfl, Zh—1) — Q(»Ti_vi‘/j_’ Zj_)|

In Case (4), |Q(x7y,z) Q(z,y, 2)|

<1Q(wi—,y5,2n) — Q@i1,y5, 20)| + |Q(wi—, yj, 2n) — Q(wio1,yj, 2n)]
<|Q(wi—,yj, 2n) — Qxi—,yj, 2n) + Q(@i—, yj, 2n) — Q(wi—1,5, 2]

+1Q@i1,j, 1) — Q@i—1,2,, U 20) + Q(wi—1, Y5, 2n) — Q(wi—, Y5, 21))|
<| A( = Yj»2n) — Q(xi—,yj, 2n)| + |Q(xi—, Y5, 2n) — Q(@i-1, Y5, 2n)|

<e <(Fr(zi—)—Fr(wi-1))

+ Q@i 1,5, 21) — Q1,45 20)| + 1Q(wi—1, Y5, 2n) — Q(wi—, Y5, )]

<4e.

The proofs for the other 10 cases are similar and are skipped. Notice e = 1/k — 0, P({2;) = 1 and thus
P(ﬁzozlﬁk) =1.o

Proof of Lemma 3. Let {u;};>; be the collection of all rational numbers. Since S,,(|u;) is a sequence
of bounded decreasing functions in ¢, by Helly’s selection theorem, given any subsequence of {n},>1,
there exists a further subsequence, say {ni;}i>1 such that S,,, (t/u;) converges for each t. Moreover, for
J > 2, there exists a subsequence, say {n;}i>1 of {n(j_1);}i>1 such that Snﬁ(ﬂuj) converges for each t.
It is easy to verify that S, (t|u;) converges for each (t,u;), say Sn,, (tlu;) — Si(t|u;).

In view of Eq. (2.2), write Sy (t|lu) = S,(Luﬁ")(t) = exp(—fot e“/;“(s_a)l(”a)ﬁn(s)ds). S, (tlu) is a
bounded decreasing function of u3,. Thus S;(t|u;) is a bounded decreasing function of buj. Since the
set of rational numbers {u;};>1 is dense in (—o0,00), S1(t|u;) can be extended to Si(t|u) for each
u € (—00,00) by letting Sy (t[u) = limy, |, S1(t|u;) if u is not a rational number. WLOG, we can assume
b > 0, then Sp(t|u) is a bounded decreasing function in « and is thus continuous except on a countable
subset, say D. We shall show that

Sp,; (tlw) — S1(tju) Vt and V u ¢ D. (A1)

It suffices to consider the case that u ¢ D and w is not a rational number. Let w and v be two rationals
such that w < u < v. Since the set of rationals are dense, w and v can be selected as close to u as possible.

Then S, (t{v) < S,,,(tlu) < S,,,(tlw). Verify that S, (t|v)* zHooSl( o) 578 (tu), as & = u is a
continuous point of S(t|z). Moreover, S, (t|jw)** = 81 (tjw)* =7"S} (t|u). By the sandwich theorem,
Sh; (tlu) — S1(tlu). That is, (A.1) holds.
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Since D is countable, using the arguement similar to showing that S'n (t|u;) converges for each
(t,u;), we can show that there is a subsequence of {n;;};>1, say {mx}r>1 C {nii}i>1 such that S'mk (tlw)

PN

converges for each u € D. Consequently, Sy, (t|u) converges for each (t,u). o
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