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Abstract. Considering the stationary Schrodinger equation for a general pseudo-Coulomb potential
as the normal form of the associated Laguerre equation, we review, in one and three dimensions, the
bound-state solutions for the potential, when the inverse-square-term coupling is not less than a
negative critical value. We show that, as a consequence of the inverse-square-term coupling being a
two-to-one mapping for all but one of the allowed negative values of its parameter, an additional
sequence of bound-state energies emerges for each of the respective potentials. In this framework, the
slightest relaxation of the boundary condition for the radial wave function at the origin results in
minus-infinity ground-state energy for the Coulomb potential, rendering the hydrogen atom unstable.
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1 Introduction

We examine a general pseudo-Coulomb potential containing an attractive Coulomb term and an inverse
square term with a coupling that is not less than a negative critical value, below which a “fall” of the
particle to the origin takes place [1]. Our goal is to present, in a uniform way, the bound-state solutions
for the potential in the whole domain of the inverse-square-term coupling. We also wish to highlight the
emergence of additional energies, as a consequence of the inverse-square-term coupling being a two-to-
one mapping in a subset of its domain, and establish a relation between the boundary condition for the
radial wave function at the origin and the stability of the hydrogen atom.

The general pseudo-Coulomb potential we consider finds applications in many fields of physics. When
its inverse square term is repulsive, the potential is known as the Kratzer potential, one of the most
important model interactions in quantum physics, which was first introduced to describe the vibration-
rotation spectra of diatomic molecules [2]. Since then, it has been widely used to describe molecular
structures and interactions [3], and nowadays it appears in different fields of physics and chemistry, such
as chemical physics, quantum chemistry, molecular physics, nuclear physics, and thermodynamics.
When the inverse square term of the potential vanishes, the potential reduces to an attractive Coulomb
potential that can be used to describe the motion of the electron in the hydrogen atom, an elementary
system of paramount importance in quantum physics. Finally, pseudo-Coulomb potentials with weakly
attractive inverse square terms are used as molecular potentials for the description of the spectra of
alkali metals [4, 5].

The rest of the paper is organized as follows: in section 2, we consider the one-dimensional stationary
Schrodinger equation for a general pseudo-Coulomb potential as the normal form of the associated
Laguerre equation and, by means of two theorems listed in the appendix, we derive the general form of
the bound-state solutions for the potential in terms of terminating Frobenius solutions of the associated
Laguerre equation, and determine the domain of the inverse-square-term coupling and its minimum
negative value. In section 3, we observe that the inverse-square-term coupling is a two-to-one mapping
in (-1,0)\{-1/2} and, as a consequence, each of the respective potentials, which all have attractive
inverse square term, has an additional sequence of bound-state energies. In section 4, we examine the
potential in three dimensions and observe that if the particle has non-zero orbital angular momentum,
there exists an interval of negative values in the domain of the inverse-square-term coupling for which
the respective potential, which has attractive inverse square term, has no additional energies. In section
5, we examine the case where the inverse square term is repulsive and the resulting potential is the
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Kratzer potential, while in section 6, we examine the case where the inverse square term is weakly
attractive and the resulting potential is used as a valence electron model. In section 7, we establish a
connection between the boundary condition for the radial wave function at the origin and the stability
of the hydrogen atom, by showing that the slightest relaxation in the boundary condition results in the
emergence of minus-infinity ground-state energy for the resulting Coulomb potential. Finally, in section
8, we summarize and conclude. In the appendix, we list the two theorems we use in section 2.

2 The One-Dimensional Case

Assuming that for z < 0, the potential is +o, we wish to solve the stationary Schrédinger equation on
the half-line z > 0 for a general pseudo-Coulomb potential of the form
v(o)=-te L,
T oz

where the coupling a is positive, while the coupling b is positive, zero, or negative down to a critical
value.

The stationary Schrodinger equation for a potential of the above form is the normal form of the
associated Laguerre equation

:L’y"(:r)+<v + 1—x)y'<$)+ ﬂy(m) =0, v, eR

in the region z > 0, since if

_ —(v+1)/2 Z
r)=1x z|z)exp| = |,
() (z)exp| 5
the associated Laguerre equation takes its normal form
1 22+v+1 1-v°
2"z ——+ + z(z)=0 1
( ) [ 4 2z 4a° J ( ) o

To compare (1) with the stationary Schrodinger equation
(5 225V (o) ) =0.

where E is the energy of the eigenstate described by the wave function y(z) for a potential V(z), m is
the mass of the examined particle, and A is the reduced Planck constant, we’ll write the stationary
Schrodinger equation in dimensionless form. To this end, we choose a positive length parameter l, and
set

7 7
g —>lz, E— WE V(z)—> T V().

Then, the stationary Schrodinger equation reads, in dimensionless form,
v o)+ (E=V(a))y(z) =0 g
Assuming that the normalization constant of the wave function carries its dimensions, then omitting
the normalization constant makes the wave function also dimensionless. Then, comparing (2) with (1)
yields
1

E = I (3)

_2/1+v+1_1—v2

V(o)== 0 @)

The dimensionless wave function (z) then takes the place of the function 2(z) in (1), and thus

(//(x) - x(wl)/zy(l‘)exp[—g] (5)

The function y(z) is solution to the associated Laguerre equation. To restore the dimensions, we do the
inverse substitutions, i.e.
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z—> llx, E - 2miy E, V(x) - 27;102 V(l’),

h2

0
and then the energy (3) and the potential (4) become, respectively,
2
p--" (6)

- 2
8mi,

V(x):_<2/1+v+1)h2_(1—v2h .

4ml0x 8mx

In dimensional form, the wave function (5) is written as

- (v+1)/2 - -
‘”“):A[ﬂ HH ®

where the normalization constant A carries the dimensions of the wave function. This is the expression
of the wave function in the region x > 0. In the region z < 0, the wave function vanishes, and since it
must be continuous at zero,

v(0)=0 9)
Moreover, since we seek bound-state solutions, the wave function (8) must be square-integrable in [0, o).
On the other hand, the function y(z/h) in (8) is a solution to the associated Laguerre equation which,
depending on the value of the parameter v, has one or two Frobenius series solutions [6]. In line with the
theorem 1 of the appendix, the non-terminating Frobenius solutions of the associated Laguerre equation
behave as exp(z) at infinity, thus if such a solution takes the place of y(z/b) in (8), the resulting wave
function behaves as exp(z/2k) at infinity, and then it is not square integrable. In the case where the
associated Laguerre equation has only one Frobenius solution, the second linearly independent solution
has a logarithmic part [6] endowing the wave function with a zero at k, which is physically unjustifiable
with respect to the potential (7). Thus, only terminating Frobenius solutions to the associated Laguerre
equation can take the place of y(z/h) in (8). Then, in line with the theorem 2 of the appendix, we have
the following cases:

i. If vis not integer and A is non-negative integer, i.e. A = 0, 1, .., we have a polynomial solution
y(z/k) of degree A with non-zero constant term, thus y(0)#0, and the boundary condition (9) is satisfied
only when v > —1. Then v+ 1 > 0 and since A4 is non-negative, the Coulomb term of the potential (7) is
attractive, while the inverse square term is attractive if —1 < v < 1 and repulsive if v > 1. Since v is not
integer, in this case the inverse square term cannot vanish.

For v fixed, keeping also [, fixed, the energy (6) is also fixed, while the Coulomb term of the potential
changes with A and the inverse square term is fixed. Then, we obtain bound-state solutions of pseudo-
Coulomb potentials having the same inverse square term and different Coulomb terms, with the same
energy and wave functions being given by the same exponential factor and polynomials y(z/l) of
different degree A. This is similar to the so-called second type of quasi-exact solvability, which is
described in [7], but we don’t examine such models here.

On the other hand, for v fixed, the Coulomb term is fixed if (244 v+1)/k is fixed, and since A changes,
ly changes too. Then, setting

L =(22+v+1) (10)
with l~0 being a new, fixed positive constant with dimensions of length, we rewrite (10) as
L =2(n+7)] (11)
where
n=A+1 (12)
. v-1
V= 13
. (13)
where n = 1, 2, ... Since v > —1, then v > —1 too. Also, since v is not integer, v — 1 is not integer either,

thus v is not integer and not half-integer.
By means of (11), the energy (6) takes the form

Copyright © 2019 Isaac Scientific Publishing NHMP



108 New Horizons in Mathematical Physics, Vol. 3, No. 4, December 2019

E,=-—— (14)
(n + ‘7)
where
2
g, = h = (15)
32mlo2

The constant & is positive and has dimensions of energy. Next, using (10) and that v =2V +1, the
potential (7) becomes
wo (vl

V() =- + 2

4ml~ua: 2mzx

Using (15), we replace h2/m with 32¢[*, ending up to

00

~ ~( ~ 72
V(o) - - 8¢, 167 (7 +1) &,

T T
Since v+1>0, then for -1 <v <0, the inverse square term is attractive, while for v >0, it is
repulsive.

Finally, using (11) and that v =2V +1, the wave function (8) reads
v+l
T T T

S G I o e W TR ()

2 (16)

v, (x) =

The polynomial P, is of degree A = n — 1 and, in line with the theorem 2 of the appendix, it is given
by!
k
n—1 k —\n—- 1
L :zck L — Gy = ( ) ¢, k=01...,n-2
2(n+v)f, | 13" 2(n+7)], (k+20+2)(k+1)

n—1

If n» = 1, the polynomial P, ; is a non-zero constant and can be incorporated into the normalization
constant of the wave function (17). Then, for n = 1, 2, .., (14) and (17) give, respectively, the bound-
state energies and the wave functions of the pseudo-Coulomb potential (16) in the positive region. We
also note that in (14), (16), and (17), we have expressed the energy, the potential, and the wave
function in terms of the new parameters v and n, instead of the initial ones v and A.

ii. If vis not integer and A = —-v, -v+ 1, .., ie. A= -v+ n—1 with n =1, 2, .., we have a non-
polynomial terminating series solution y(z/k) which, in the region z > 0, is written as the product of
(z/l))"" and a polynomial of degree A + v = n — 1. Then, the wave function (8) takes the form

(-4)/2
v 2] [E]e(-2] o9

In line with the theorem 2 of the appendix, the constant term of the polynomial P, ; does not vanish, i.e.
P, 1(0) # 0, and thus for the boundary condition (9) to hold, v < 1. Then, using that A = n — (v + 1)
and that n > 1, we easily see that the Coulomb term of the potential (7) is again attractive. Then,

following the same steps as in the previous case, we introduce the parameter v = —(v + 1) / 2 and write

the energy (6), the potential (7), and the wave function (18) in the form of (14), (16), and (17),
respectively, where, in line with the theorem 2 of the appendix, the polynomial P, ; is defined, in terms
of the parameters v and n, by the same recurrence relation as in the previous case. Since v < 1, then
v > -1, and since v is not integer, —(v + 1) is also not integer, thus v is not integer and not half-
integer. Therefore, in terms of the parameters v and n, this case is the same as the previous one.

iii. If v and A are non-negative integers, i.e. if v, A = 0, 1, .., we have a polynomial solution y(z/k) of
degree A, which is, up to a multiplicative real constant that can be incorporated into the normalization
constant of the wave function (8), the associated Laguerre polynomial L (a:) of degree A with

parameter v. If v = 0, the associated Laguerre polynomial reduces to the (simple) Laguerre polynomial

! Compared to the formula given in the appendix, we renamed the summation index to k and used that v =20V +1.
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L;(z) of degree A. Since v 2> 0, the wave function (8) vanishes at zero, thus the boundary condition (9)
holds. Since 24 + v+ 1 > 0, the Coulomb term of the potential (7) is again attractive, while the inverse
square term is attractive if v = 0, particularly it becomes most attractive for v = 0, it vanishes if v =1,
and it becomes repulsive if v = 2, 3, .. We introduce again the constant l~0 through (10) which then

takes the form of (11), with the parameters n and v being given by (12) and (13), respectively. Then,
the energy (6) and the potential (7) take the same form as in case i, i.e. they are given by (14) and (16),
respectively, and the wave function (8) takes the form

v+l

z 27 +1 Z z
!//7117 )= An\7 N Y Lnf NS Y exp R (19)
(7)=4 2(n+v)J, Fl2(n ), 4(n+7),
Since v =0, 1, .., the parameter v now takes the values —1/2, 0, 1/2... Using the closed-form expression

of the associated Laguerre polynomials [8], we have

727+ z _ HZI (_1) { n+2v J z (20)

i 2(n+17)l~0 = sl (n-1-s 2(n+17)l~0
Before proceeding to the next case, let us have a look at the subcases v=-1/2 and v =0.
For v = —1/ 2, the dimensionless coupling v (17 + 1) of the inverse square term in (16) takes its

minimum value, which is —1/4. This is the critical value of the inverse-square-term coupling, since for
smaller values, the particle falls to the centre (see [1], where our dimensionless coupling 17(17+1) is
denoted by —p). In this subcase, the potential (16) reads
8el 4dgl’
_ 00 00
V(n)--2ok 2ol

x X

while its bound-state energies are, from (14),

E =——2  pn=12..,

n 2
1
n——

and the respective eigenfunctions, as given by (19), are

xT v T xT
v, (2)=4,

—1 L, —1 exp ——1 ,
2(71-2][0 2(”-2]l0 4[”-2]4}
since L?H (x) =L (x) .

For v =0, the inverse square term of the potential (16) vanishes and we are left only with the
attractive Coulomb term, i.e.

V(I):—&z)lo, z>0

This is a version of the one-dimensional hydrogen atom [9]. Its bound-state energies are given by (14)
for v=0,ie.
£
E =-2L n=12..,

n 2
n

with its respective eigenfunctions being, by means of (19),

2)= Al |2 |exp| - L ,
l//n( ) n 711(2,”/10] Xp{ 4nluj

where we incorporated the n-dependent factor 1/ 2nl~[) into the normalization constant A,.

iv. If vis negative integer and A = —v, —v + 1, ..., we have a polynomial solution
z x N
(ZO J lO lf)
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where we set 1 + v =n — 1 with n = 1, 2, .. Then, the wave function (8) takes the form, if we
incorporate the constant ¢y into the normalization constant of the wave function,

()2
v, (2)=4, H L, (l—] exp(—gj (21)

Since v is negative integer, the wave function (21) vanishes at zero, thus the boundary condition (9) is
satisfied. Moreover, since A = n — (v + 1) and n > 1, the Coulomb term of the potential (7) is again
attractive, while the inverse square term vanishes if v = —1 and it is repulsive if v = -2, -3, ... As in the
previous cases, we introduce again the constant l:) through (10) which, using that A = n — (v + 1),

takes the form of (11), with v = —(v+1)/2. Then, since v is negative integer, Vv = 0,1/2,1...7 i.e. the

parameter Vv takes the values it takes in the previous case, except the value —1/2. In terms of the
parameters v and n, the energy (6) takes the form of (14), the potential (7) takes the form of (16), and
the wave function (21) takes the form of (19). Therefore, in terms of the parameters v and n, this case
is covered by the previous one.

To summarize the cases i — iv, if ¥ > -1, the bound-state energies of the general pseudo-Coulomb
potential

V0 z)=-——""2+ 22
o)== = (22
are given by
£
0
nv == A\2 (23)
(n+7)
with n=1,2, .., g = F12/32ml~02 , and l:J is a positive constant with dimensions of length.
a. If v # —1/2,0,1/2,... , the energy eigenfunctions are given by
v+l
x z x
l//n\7 )= Anv' ~\ 7 Pnf ~\ 7 exp - ~\7 (24)
( ) 2(n+v)lo ' 2(n+v)l[) 4<n+v)lo
where
k
T n—1 T k - (n - 1)
———= = ==, ¢, = ¢, k=0,1..,n-2
i 2(n+17)l(] ; ' 2(n+17)l(] H (k+217+2)(k+1) !
If n = 1, the polynomial P, is a non-zero constant.
b. If v = —1/2707 1/2...7 the energy eigenfunctions are given by
v+l
T 20+1 €z T
Ve lt)=As| s | Lo | oo |OP T (25)
( ) 2<n+v)lo ! 2(n+v)l[) 4<n+v)lo

where Lfffll (LII) is the associated Laguerre polynomial of degree n — 1 with parameter 2v +1.

3 Additional Energies When the Inverse Square Term Is Attractive

The dimensionless coupling 17<17+1) of the inverse square term of the potential (22) is a quadratic

polynomial in v, with a global minimum at —1/2, around which it is symmetric. However, as a
consequence of the boundary condition (9), the domain of the coupling is not the whole R, but the
interval (-1, o), and thus the coupling is symmetric only in (-1, 0). Then, for every v e (—1,0) \ {—1/2} ,
the coupling is two-to-one, while for all other values, it is one-to-one. Particularly, as a function of v,
the coupling 17(17 + 1) maps (-1, —=1/2] and [-1/2, 0) to [-1/4, 0), one time each, and [0, o) to itself, one
time too. Thus, the coupling takes all positive values, with each one of them corresponding to only one

value of v, and thus the respective pseudo-Coulomb potentials (22), having repulsive inverse square
terms, have only one sequence of bound-state energies (23). On the other hand, the coupling does not
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take all negative values, but only those belonging to [-1/4, 0), with each one of them, except —1/4,
corresponding to two values of v, and thus the respective pseudo-Coulomb potentials (22), having
attractive inverse square terms, have now two sequences of bound-state energies (23). For each of these
potentials, the two values of Vv are symmetric around —1/2, with one belonging to (-1, —1/2) and the
other to (=1/2, 0), thus introducing the local parameter v’ such that 0 < v’ < 1/2; the two sequences of
bound-state energies (23) for each of the these potentials are respectively written as

% %

27 2 7
[ -
n——-v n——+v

The two sequences have no common elements, since if they had, then

2 2
L L
n——=v|=|ln-—+v|,
2 2

for m;, my positive integers. Then, since the expressions in both parentheses are positive, taking square
roots on both sides of the last equation gives n; — ny = 2v’, which is impossible, since n; — n is integer,
while 0 < 2v’ < 1. The value —1/4 of the coupling corresponds to only one value of ¥, which is —1/2,
and the respective potential has only one sequence of bound-state energies, and eigenfunctions being
expressed in terms of the (simple) Laguerre polynomials, as given by (25).

4 The Three-Dimensional Case

It is known [10] that the energy eigenfunctions of a spherically symmetric potential V{(r) have the form
l//(r7 6’#)) = R(T)Y;m (9, ¢7), where Y™ (9,¢) is a spherical harmonic, with [, m being, respectively, the

l
azimuthal and magnetic quantum numbers, and R(r) is the radial wave function satisfying the radial
Schrodinger equation

d*u(r Il+1)n
()+2_m - V(r)+u u(r):O7
ar’ n 2mr
where u(r) = rR(r). The function wu(r) satisfies homogeneous Dirichlet boundary conditions, i.e. it

vanishes at the origin and at infinity, and it behaves as a one-dimensional wave function on the half-line
r 2 0. The vanishing of u(r) at infinity is a consequence of the wave function w(r, 8, @) being square
integrable, assuming that we consider bound states of the potential V(r). The vanishing of u(r) at the
origin results from its vanishing at infinity and the requirement that the radial wave function R(r) must
belong to the domain of the radial momentum operator, which is a Hermitian operator®. Since the
function wu(r) satisfies a one-dimensional stationary Schrodinger equation on the half-line, for the
effective potential V(r) + [ (I+1)Ah?/2mr*, and homogeneous Dirichlet boundary conditions, replacing the
position z with the distance r and the potential V(r) with the effective potential, the results of section 2
still hold and then, by means of (22), we obtain
io16(v(v+1)-1(1+1))gl’
VW (7") _ _8‘90l0 n ( ( ) - ( )) 0o (26)

r r

where we used (15) to replace h?/m with 3250l~02 in the centrifugal term of the effective potential. The
bound-state energies of the potential (26) are then given by (23) and the respective eigenfunctions are
given by (24), if v > —1 and v # —1/2,0,1/2,..., or by (25), if v = -1/2,0,1/2...

As in the one-dimensional case, the dimensionless coupling 17(17+1)—l(l +1) of the inverse square
term in (26) is again a quadratic polynomial in Vv with a global minimum at —-1/2. Thus, in
(-1,00\{-1/2}, the coupling is a two-to-one function mapping the symmetric around —1/2 values
—-1/24v’and —1/2—v’, where 0 < v’ < 1/2, to the same image v’? — 1/4 — [ ({41). Then, every value of
the coupling belonging to (-1/4 — I (I+1), = (41)) corresponds to two values of Vv and thus to two

2 For an analysis of the boundary condition at the origin, see [11].
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sequences of bound-state energies (23). For ¥ = =1/2, the coupling takes its minimum value —1/4—I(I+1),
and the inverse square term in (26) becomes most attractive, with the respective potential having no
additional energy levels. In [0, ), the coupling is strictly increasing, and thus one-to-one, and then this
interval is mapped to [~ (H1), ©) one time. We thus see that apart from all positive values of the
coupling, each of its negative values belonging to [l ({41), 0) is the image of only one v, with the
respective potential (26), which has attractive inverse square term, having no additional energy levels
(23).

5 The Kratzer Potential

For v 21> 0, the coupling 17(17 + 1) - l(l + 1), as a function of v | is strictly increasing, thus it is one-to-

one, mapping [/, ©) to [0, ©) one time®. Then, the resulting pseudo-Coulomb potential (26) can have an
arbitrarily repulsive inverse square term, with its bound-state energies being given by only one sequence
(23), i.e. there are no additional energy levels. The potential (26) can then be written as

a b
Vir)l=-——+— 27
()=~ @
where a, b being arbitrary positive constants!. With the parametrization a = 2D,r, and b = D.r, where

D.,, . are positive constants, the potential (27) takes the form

v(r)=-2D |- 1(£J (28)

ro 2

If the constants D, and r, are respectively identified as the dissociation energy and the equilibrium
internuclear distance in a given diatomic molecule, the potential (28) is the Kratzer potential, which has
been studied in several papers [2, 12-15].

Solving (15) for l:) and substituting into the expression eol:] , we obtain

~ 2¢,
85010 = ?h

8e,l =2Dr (29)

the right-hand sides of the last two equations must be equal, and solving the resulting equation for &
yields

Then, setting

2mDe27;2
g, = —hzy » (30)
We then set
v(v+1)=1(1+1))n°
m T
and solve the quadratic equation for v to obtain
2 .
2mD r’
17:—%+ (H%) +% (32)

3 The coupling vanishes for v =1, and since it is one-to-one for its values in [0, o), this is the only value of v for
which the coupling vanishes. The resulting potential is then an attractive Coulomb potential that can describe the
hydrogen atom.

* Using (15), we obtain g()l:J = hQ/ 32ml~0 , and since the constant l:) can take any positive value, gol:) can also take

any positive value. Thus, the Coulomb term —8‘&‘0l~0 / r of the potential (26) can be arbitrarily attractive. Note
that although 5050 is a function of l~0, 5(]l~02 is a constant. Then, the change in the Coulomb term of the potential

(26) results from the change of gol:] , while the change in the inverse square term comes from the change in v .
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since the other root is less than —1 and thus it is rejected. By means of (29) and (31), and using that
gl = hQ/SQm7 the potential (26) is transformed into the Kratzer potential (28). Thus, substituting (30)

and (32) into (23), we obtain the bound-state energies of the Kratzer potential, which, setting n’=n-1,
take the form

2mD827"e 2

h?

n'l 9 )

, 1 1Y 2mD r’
n+=+ | l+=| +—
2 2 /5

with n’, [ = 0, 1, .. and m is the reduced mass of the molecule. This is the energy formula for the
Kratzer potential found in literature [13, 14, 16].

6 Weakly Attractive Inverse Square Term

The Kratzer potential corresponds to the positive values of the coupling 17(17 +1)—l(l +1), for which

the potential (26) has no additional energy levels. The same happens when the coupling takes negative
values in [ (H-1), 0), for [ 0. In this case, we set

v(r+1)-1(1+1)=v (33)
with = (I+1) £ v’ < 0, and then we solve the quadratic equation for v to obtain

2
&:—l+ l+l +v' (34)
2 2

since the other root is equal to or less than® —1 and thus it is rejected. Then, by means of (33), the
potential (26) reads

(7") _ 8<€0l~0 . 161/’50[02

2 )

Vv,

4 r r

with both the Coulomb and the inverse square term being attractive (v’ < 0). Substituting (34) into
(23), we obtain the bound-state energies of the previous potential, which, setting again n’=n-1, take the

form

n'l 2

with n’, [ =0, 1, ..
Contrary to the previous case, when the coupling 17(17+ 1)—l(l+1) takes values in (-1/4 — [ (I41),

—Il(l+1)), it is a two-to-one function in v and the potential (26) has then additional energy levels.
Indeed, introducing again the parameter v’ through (33), with —1/4 — I (I+1) < v’ < -l (I+1), and
solving the quadratic equation for v, both roots are now accepted, since they are both greater than —1,

and thus
ﬁ:—li l+l +v'
2 2

2
5 Since v’ 2 -l (H41), we have lz+l+v'2034(12+l+v')20:4[12+l+i+v'J2134[[1+;J +V’J21:>

2 2 2
= l+l +v'21:— l+l +v’§—l:>—l— l+l +v' <1
2 2 2 2 2 2
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Then, the potential (26), which again takes the form
8el 16viel®
S T 0% 7
(r)--25h 107l
with both terms being attractive (v’ < 0), has the bound-state energies

V.,

14

n'l 9 7

where we again set n’=n—1, and thus n’, [ =0, 1, ..
Finally, when the coupling 17(17 + 1)—l(l + 1) takes its minimum value, which is =1/4 — [ (I+1) and

corresponds to ¥ = —1/2, the potential (26) reads’

Ioa(2+1) gl
Vl(r):—&:?lo— . =01,

The previous potential has no additional energy levels and, in line with (23), its bound-state energies are
given by

E” PR —
n 2
;1
n' +=
2

where we again set n’=n—1, and thus n’ = 0, 1, ... As in the one-dimensional case, the respective
eigenfunctions are given in terms of the (simple) Laguerre polynomials.

)

7 Relaxation of the Boundary Condition at the Origin and Instability

We assume that, instead of vanishing, the function u(r) can take a constant, non-zero value at the
origin. This is the slightest relaxation of the boundary condition at the origin, and since R(r)=u(r)/r, it
corresponds to a 1/r behaviour of the radial wave function at the origin. For [ = 0, i.e. if the particle
has no orbital angular momentum, the radial Schrodinger equation takes the form of the one-
dimensional Schrodinger equation for the examined pseudo-Coulomb potential on the half-line, with the
solution u(r) being the one-dimensional wave function w(z), which can then take a constant, non-zero
value at zero. Then, from the analysis in section 2, we see that the parameter v can also take the value
—1 and as a consequence, the coupling 17(17 + 1) of the inverse square term of the potential now vanishes

not only for v =0, but also for v = —1. Then, the respective attractive Coulomb potential has, in line
with (23), the following two sequences of bound-state energies

£ £
-0 -—— 0
Enl - n 27 ElnE 2 7
1 (n2 - 1)
where ny, ns = 1, 2, ... The second sequence contains all the energies of the first sequence, since for ny =

m + 1 > 2 the two sequences coincide, and one extra energy, which results for n, = 1 and it is minus
infinity. According to [1], such an energy, which is the ground-state energy for the respective Coulomb
potential, corresponds to an unstable state, where the particle falls to the centre.

8 Concluding Remarks

We have presented the bound-state solutions of the stationary Schrodinger equation in one and three
dimensions, for a general pseudo-Coulomb potential containing an attractive Coulomb term and an
inverse square term with coupling not less than a negative critical value, below which the particle is

1 1 :
6 _Z_Z(ZH):_Z(%H)
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unstable and falls to the centre. We have shown that in a subset of its domain, the inverse-square-term
coupling is a two-to-one mapping and, as a consequence, the respective potentials, all having attractive
inverse square term, are endowed with a second sequence of bound-state energies. Finally, we have
demonstrated that the slightest relaxation in the boundary condition for the radial wave function at the
origin results in one additional, unbounded below, energy for the respective Coulomb potential and thus
in instability of the hydrogen atom.
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Appendix

Theorem 1 The non-terminating Frobenius solutions of the associated Laguerre equation behave as
exp(z) at infinity.
Proof: Considering the associated Laguerre equation
xy”(:r)-i—(v+1—$)y'(x)+ﬂy(m) =0, vieR,
we see that zero is a regular singular point. Then, in line with the Fuchs’ theorem [6], let
y(:z:) = chx"“', ¢, 20,
n=0
be a Frobenius solution to the equation in the positive region near zero. Differentiating the previous
series term by term, twice, we have, respectively,
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y'(x) = i(n + T)Cnx"”*l, y"(x) = i(n + r)(n +r— 1)Cnx’ﬂ+r—2 ‘

n=0 n=0
Substituting the expressions of y(z) and its first and second derivative into the associated Laguerre
equation, shifting the summation indices appropriately and collecting coefficients of the same powers of
x, we end up to the equation

r(r+v)cox7"1 + i(<n+ r)(n+ T+ V)Cn —(n+ r—(/i + 1))0%1)1:"”71 =0,
n=1
from which we obtain, since ¢y # 0,
r(r + v) =0,
which is the indicial equation giving the exponents r = 0, —v, and the recurrence relation
(n+ r)(n+'r +V)Cn —(n+ 7"—(/1 + 1))07171 =0, n=12..

To solve the recurrence relation for c,, the coefficient (n+7r)(n+r+v) must be non-zero. If r=0, this
coefficient becomes n(n+v), and thus it is non-zero iff v # —1, =2, ... If r = —v, the said coefficient
becomes (n—v)n, and thus it is non-zero iff v# 1, 2, ... Then, iff vis neither positive nor negative integer,
the recurrence relation is solved for both exponents, thus, in this case, the associated Laguerre equation
has two linearly independent Frobenius solutions, while if v is either positive or negative integer, the
recurrence relation is solved only for one of the two exponents, since for the other exponent it yields an
undetermined coefficient ¢, and then all subsequent coefficients are also undetermined, and thus, in this
case, the equation has only one Frobenius solution. If v vanishes, the indicial equation has zero as
double root, and the recurrence relation takes the form

nQC,L —(n —(/1 + 1))0”_1 =0, n=12,...,

which can be solved for ¢,, since n # 0. Thus, we have again only one Frobenius solution. Therefore, if v
is not integer, the associated Laguerre equation has two Frobenius solutions, while if v is integer, it has
one Frobenius solution and, in line with the Fuchs’ theorem, the other linearly independent solution has
a logarithmic part. Then, solving the initial recurrence relation for ¢, yields

n+r— (/1 + 1)

L= c ,n=L2.,¢ #0
) (n+r)(n+7‘+v) )

Thus, the respective Frobenius series does not terminate iff n+r —(44+1) # 0, for every n = 1, 2, ... Then,
by the ratio test, we find that the series converges absolutely for all positive z. Since the solution holds
for z—o0, we can examine its asymptotic behaviour, which is determined by the coefficients of the high
powers of z, i.e. by the coefficients ¢, with big n. From the previous recurrence relation, we see that, for
big n,

n+1 n — —_ 1
e — === ’
¢, n n n+l
thus
C"l
Cn+1 =
n+1
The previous recurrence relation is easily solved to give
1

¢  =—cC
n+1 (n + 1)' 0’
which are the coefficients of the series expansion of ¢ exp(z) about zero. Therefore, the non-terminating

Frobenius solutions of the associated Laguerre equation behave as exp(z) at infinity.
Theorem 2 Considering the associated Laguerre equation

xy”(:c)-i—(v+1—x)y'(x)+/1y(x) =0, viieR,

we have the following cases:
1. If vis not integer and 4 = 0, 1, ..., the associated Laguerre equation has a polynomial solution
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A n—A2
ylz)=) ca" c = c,n=01.,1-1
( ) ; “ (V+n+1)(n+1)

If 2 =0, the polynomial is a non-zero constant.
2. If vis not integer and 4 = —v, —v+1, .., the associated Laguerre equation has a terminating series
solution, which is not a polynomial and has the form

Aty n—(A+v

y(w)chnx"’V, .= ( ) ¢, n=01.,1+v-1
n=0 (n—v+1)<n+1)

If 2 = —v, then y(x)~2"". The solution holds in the region z > 0, while in the region z < 0, it is derived
similarly.

3. If vy A =0, 1, .., the associated Laguerre equation has a polynomial solution, which is, up to a
multiplicative real constant, the associated Laguerre polynomial L’ (x) of degree A with parameter v,

lg(x)=§i(_wn[ﬂ+wjmﬂ (1+vj:___£filjl_7’

= nl (A-n A=n) (A=n)(v+n)!

In the special case where v = 0, the associated Laguerre equation reduces to the Laguerre equation and
the associated Laguerre polynomials reduce to the (simple) Laguerre polynomials. As a consequence, the

which is given by

Laguerre equation has polynomial solution iff A = 0, 1, .., and the polynomial solution is, up to a
multiplicative real constant, the Laguerre polynomial L,(z) of degree A.
4. If v is negative integer and A = —v, —v+1, .., the associated Laguerre equation has a polynomial

solution, which is, up to a multiplicative real constant, equal to z™"L" (:L’) The solution holds in the

region x > 0, while in the region z < 0, it is derived similarly. The associated Laguerre polynomial

L, (:v) is of degree A4 v, thus the previous solution is a polynomial of degree A. If A=—v, the associated

Laguerre polynomial is equal to 1 and the polynomial solution is, up to a multiplicative real constant,
equal to 7 ".

Proof: The proof is straightforward and is done by using the Fuchs’ theorem in the way we outlined in
the previous theorem. For the details, the reader may refer to [17].
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