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Abstract. A theory of cluster ensemble statistics is developed based on the body particle model. 
Cluster ensemble is a set of temporal snapshots of particle configuration, which is accurately described 
by a cluster matrix. The partition functions of liquid, solid and gas are calculated in the statistical zones 
of the energy space, which directly reveals the relationship between the volume and motional energies. 
The motional energies of liquid, solid and gas are expressed by the statistical correlations of the particle 
mass, the rotary inertia and the elastic modulus, respectively. Complete energy relations and equations 
are derived through the statistics of cluster ensemble. Thermodynamic laws and equations can be 
logically inferred from the theoretical results. Two types of phase transition mechanism are analyzed 
based on the theory of body particles and the structure of the energy space. 
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1   Introduction 

What is a particle? This is the fundamental problem of physics. Current physics is a magnificent building 
based on the ideal models of point-like and wave-like particles. Point-like and wave-like particles are 
cornerstones of classical physics and modern physics, respectively. However, they are so idealized models 
that lose the physical authenticity. Point-like and wave-like particles do not contain interactions 
themselves. Interaction is the property imposed to the particles by the aid of mechanical laws. For 
examples, the gravitational and electromagnetic interactions are described by the Newton law and Lorenz 
force [1,2]. The weak and strong interactions are presented through Hamiltonian operator or Lagrangian 
integral [3,4]. As for the origins of mass, charge, color, taste, etc., they cannot be explained by the ideal 
model itself. Therefore, the unification of fundamental interactions remains an unsolved problem in 
physics. 

Mathematical abstraction is necessary, but it cannot be divorced from physical reality. Real particles are 
three-dimensional object with both mass and volume, which are called body particles. The fundamental 
characteristic of body particles is that the volumes of different particles do not intersect in space, which is 
called volume repulsion. Volume repulsion is exactly what is missing for point-like and wave-like particles. 
Point or wave abstraction allows different particles to overlap in space, which leads to the singularity of 
particle density and the difficulty in wave function interpretation. String theory tries to unify the 
fundamental interactions by replacing the point-like and wave-like particles with string-like particles in 
ten-dimensional space [5]. The unusual feature of string theory leads to extremely complicated 
mathematics, which is far beyond the understanding ability of ordinary people and the scope of 
experimental verification. 

There are good reasons to believe that the theories based on the point-like and wave-like particle are the 
approximation of real particles. A common feeling is that the mathematical concepts for dealing with 
waves and strings are highly abstract, and the mathematical tools for dealing with real particles are bound 
to be extremely complicated. This is a great misunderstanding. Three years ago, the author put forward 
the body particle model and established a new physical theory [6]. Its simplicity, consistency and 
universality are far beyond expectation. Body particles are objects with only mass and volume, and all 
objects can be regarded as a system comprised of separate body particles. The state of an object is 
completely described by the set theory. The main mathematical tools for dealing with body particle 
systems are statistics and calculus, from which the general laws of physics are derived. The author has 
established a particle field theory based on mass and momentum statistics [6,7,8], and an energy state 
theory based on energy statistics [6,9]. The author also proposed an ensemble statistical method [6] to 
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calculate the statistical function of liquids. This article perfects the theory of ensemble statistics and 
applies it to whole energy spaces. We calculate the statistical functions of liquid, solid and gas, derive the 
thermodynamic relations and fundamental equations, and finds the general laws of state change and phase 
transition in the energy space. 

2   Concepts and Principles 

As a systematic theory different from classical physics and modern physics, it is necessary to rehearsal the 
original concepts and basic principles [6-9]. 

2.1  Principle of Object Structure 

(1) Object. An object is three-dimensional entity that has only mass and volume. 
(2) Particle. A particle is three-dimensional entity that has only mass and volume. Such particle is 

termed body particle in contrast to the point particle. 
(3) Axiom of object structure (Axiom 1). Any object is composed of particles with nesting structure. An 

object can be decomposed into discrete and finite particles. 
(4) Primary particle: A primary particle is indivisible particle that has constant mass. 
(5) Axiom of primary particle (Axiom 2). There are only two types of primary particles of different mass: 

proton and electron. 
(6) Theorem of mass imperishability. Mass is an inherent property of particles, and the mass of a primary 

particle is constant. All objects are made up of primary particles, so the mass of an object cannot be 
annihilated. 

2.2  Principles of Space, Time and Motion 

(1) Space. Space is the place in which the objects exist and move. The real space is continuous, uniform 
and three-dimensional. 

(2) Axiom of real space (Axiom 3). Real space is filled with particles. There exists no empty space that 
has no particles. 

(3) Time. Time is a progression with which the objects exist and move. The time is continuous, uniform 
and unidirectional. 

(4) Motion. Motion is the process that the state of object changes with time in space. 
(5) Volume. The volume of an object is the space required for the motion of its internal particles. 
(6) Theorem of volume repulsion. The motion of particles requires space and time. The volume of 

different particles does not intersect each other in real space at the same time. 
(7) Real physics. Real physics is a theory based on real space and restricted in the domain (field) of real 

number. 

2.3  Principle of Objectivity 

(1) Physical quantity. Any physical quantity ࢞ can be decomposed as the product of scale ݔ௦ and digit 
 .࢞
࢞  ൌ ௦ݔ ∙ ࢞ ൌ ௦ݔ ൈ ௦ݔ			;	࢞  0	. (1) 
The scale is the unit of measurement and the identification of the physical quantity, while the digit is the 
number of the physical quantity. The scale is a scalar in the domain of positive real number. Depending on 
the type of physical quantity, the digit can be a scalar, a vector or a tensor. 

(2) Objective and subjective quantity. The physical quantity ࢞ is objective quantity, and the scale ݔ௦ is 
subjective quantity. 

(3) Absolute and relative quantity. The physical quantity ࢞ is absolute quantity, and the digit ࢞ is 
relative quantity. 

(4) Axiom of objectivity (Axiom 4). The physical quantities are objective and the laws of motion are 
objective. Physical theory must exclude all subjective factors. The objectivity axiom requires the object 
measurability, the origin irrelevance, and the scale irrelevance. 
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(5) Object measurability. Objects are measurable, immeasurable things are subjective. A measurable 
quantity is finite and has scale, which requires ݔ௦  0.  

(6) Origin irrelevance. The reference points of space and time are subjective and relative. All physical 
formulas must be independent of the origins of space and time.  

(7) Scale irrelevance. Any physical relation ݖ ൌ ܴሺݔ,  ሻ is independent of the scales, i.e. the physicalݕ
relation and digital relation are equivalent,  
ݖ  ൌ ܴሺݔ, ሻݕ ൌ ௦ݖ ∙ ;		ݖ̃ 					 ݖ̃ ൌ ܴሺݔ,  .  (2)	ሻݕ

The axiom of objectivity is essentially the principle of universality. The origin irrelevance means that the 
physical laws are applicable to any place and any time. The scale irrelevance means that the physical laws 
are applicable to any scale. For example, there should be no difference between microphysics and 
macrophysics. 

3   Motion and Energy 

3.1  Structure of Object 

An object is a particle system, which can be expressed by the particle set ॹংঊঅঃঔ ൌ ሼ ܲ	|	݅ ൌ 1,2,3,⋯ ,ܰሽ. 
The structure of an object contains particles of different layers, such as primary particles (protons and 
electrons), atoms and molecules. The nesting model of object structure is: top-particle ⊇ meso-particle ⊇ 
base-particle ⊇ sub-particle. That is, an upper layer comprises all lower layers, e.g., the object contains 
molecules and the molecules contain atoms. The top-particle is the object under study, and the 
base-particles are the basic blocks of the object. The number of base-particles ܰ is the statistical 
cardinality of the object [9]. 

3.2  Modes of Motion 

With the mass center ܲ  as origin and the principal axes ܍ොଵ, ,ොଶ܍ ොଷ܍  as directions, we construct a 
reference frame for any body particle. The frame is called the principal axes frame represented by 
ܲ െ  ොଷ. With the aid of principal axes frame, the spatial state of a body particle is described as܍ොଶ܍ොଵ܍

position, posture and profile. Correspondingly, the motion of the particle can be decomposed into three 
modes of translation, rotation and vibration. Translation is the position change of the center of mass, 
rotation is the direction change of the principal axes, and vibration is the profile oscillation accompanied by 
the change of the principal rotary inertias [9]. 

Each motion mode has 3 degrees of freedom, each particle has 9 degrees of freedom, and an object 
composed of ܰ base-particles has 9ܰ degrees of freedom. The total vibratory energy ܪ, total rotary 
energy ܮ, and total translatory energy ܭ of the object are obtained by separately summing the energy of 
the three modes of motion. 

ܪ ൌ ෩ܪ ∙ ௦ܪ ൌ ܪ
ே

ୀଵ
ൌ ఈܪ

ଷ

ఈୀଵ
	; ෩ܪ		 ൌ ܰ, ௦ܪ			 ൌ ௦ܻ ௦ܸ ൌ  .	ݒ݄

ܮ ൌ ෨ܮ ∙ ௦ܮ ൌ ܮ
ே

ୀଵ
	ൌ ఈܮ

ଷ

ఈୀଵ
	; ෨ܮ				 ൌ ܰ, ௦ܮ					 ൌ ௦߱௦ଶܫ ൌ  (3) .	ݖ݈

ܭ ൌ ෩ܭ ∙ ௦ܭ ൌ ܭ
ே

ୀଵ
ൌ ఈܭ

ଷ

ఈୀଵ
	; ෩ܭ			 ൌ ܰ, ௦ܭ			 ൌ ௦ଶݑ௦ܯ ൌ ݇ܶ	. 

In Eq.(3), ܪ௦ is the scale of vibratory energy (vibtration quantum), ܮ௦ is the scale of rotary energy 
(rotation quantum), and ܭ௦ is the scale of translatory energy (translation quantum). ݄, ݈, ݇ are the 
vibration constant (Planck constant), the rotation constant and the translation constant (Boltzmann 
constant), respectively. ݒ, ,ݖ ܶ are the vibration intensity (frequency), the rotation intensity and the 
translation intensity (thermodynamic temperature), respectively. 

3.3  Space of Energy 

Energy space is a set of ordered array constructed by ܮ ,ܪ, and ܭ. The basic definitions and relations of 
energy space parameters [9] are listed in Table 1. 

New Horizons in Mathematical Physics, Vol. 3, No. 2, June 2019 55

Copyright © 2019 Isaac Scientific Publishing NHMP



Table 1. Definitions and relations of the energy space parameters 

Zone (index ݔ) Gas (index ݄) Solid (index ݈) Liquid (index	݇)
Zone definifion ॱ௫ ॱ ൌ ,ܮ〉 ,ܭ 〈ܪ ॱ ൌ ,ܭ〉 ,ܪ ܮ 〉 ॱ ൌ ,ܪ〉 ,ܮ 〈ܭ

Ahead energy ܮ ܭ  ܪ
Back energy ܭ ܪ  ܮ
Major energy ܪ ܮ  ܭ

Ahead parameter ܽ௫ ܽ ൌ ܮ ⁄ܪ ܽ ൌ ܭ ⁄ܮ ܽ ൌ ܪ ⁄ܭ  
Back parameter ܾ௫ ܾ ൌ ܭ ⁄ܪ ܾ ൌ ܪ ⁄ܮ 	ܾ ൌ ܮ ⁄ܭ  
Entire energy ܧ௫ ܧ ൌ ܮ  ܭ ܧ ൌ ܭ  ܪ ܧ	 ൌ ܪ  ܮ

Thermal energy ܳ௫ ܳ ൌ ܭ  ܪ ܳ ൌ ܪ  ܮ ܳ ൌ ܮ   ܭ
Potential energy ܬ௫ ܬ ൌ ܮ െ ܪ ܬ ൌ ܭ െ ܮ ܬ	 ൌ ܪ െ ܭ

Chemical energy ܩ ௫ܩ ൌ ܭ െ ܮ ܩ ൌ ܪ െ ܭ ܩ ൌ ܮ െ  ܪ
Vibration factor ߤଵ௫ ߤଵ

 ൌ ܧ ⁄ܪ ଵߤ
 ൌ ܧ ⁄ܪ ଵߤ

 ൌ ܧ ⁄ܪ  
Rotation factor ߤଶ௫ ߤଶ

 ൌ ܧ ⁄ܮ ଶߤ
 ൌ ܧ ⁄ܮ ଶߤ

 ൌ ܧ ⁄ܮ  
Translation factor ߤଷ௫ ଷߤ

 ൌ ܧ ⁄ܭ ଷߤ
 ൌ ܧ ⁄ܭ ଷߤ

 ൌ ܧ ⁄ܭ  
State vector ࡱ௫ ࡱ ൌ ሺܪ, ,ܮ ሻܭ ࡱ ൌ ሺܪ, ,ܮ ሻܭ ࡱ ൌ ሺܪ, ,ܮ ሻܭ
Entire energy ܧ௫ ඥሺܪሻଶ 	 ሺܮሻଶ  ሺܭሻଶ ඥሺܪሻଶ  ሺܮሻଶ  ሺܭሻଶ ඥሺܪሻଶ 	 ሺܮሻଶ  ሺܭሻଶ

Equilibrium condition ܪ ൌ ඥ2ܮܭ ܮ ൌ ඥ2ܭܪ ܭ ൌ ඥ2ܪܮ

 
In the table, ܪ௫, ,௫ܮ	 ,௫ܧ ,௫ are called motional energyܭ	 	ܳ௫, ,௫ܬ	 ,௫ the auxiliary energy, ܽ௫ܩ ܾ௫ the order 
parameters, and ߤଵ௫, ,ଶ௫ߤ  .ଷ௫ the mode factorsߤ

3.4  Structure of Energy Space 

As shown in Fig. 1, the energy space is limited in the first octant (+,+,+) of the Cartesian space. In energy 
space, 3-dimensional region (body) is marked with symbol Bሾ∗ሿ, 2-dimensional region (surface) is marked 
with symbol Sሾ∗ሿ, 1-dimensional region (line) is marked with symbol Lሾ∗ሿ, and 0-dimensional region (point) 
is marked with symbol Pሾ∗ሿ. Asterisk * gives the condition or code that the body, face, line, and point 
satisfy. Fig. 1-2 and the following tables exhibit the structure of the energy space. 

    

Figure 1. Structure of energy space. 
(a) Three-dimensional Cartesian space. (b) Two-dimensional mapping. 
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Figure 2. (a) Phase interfaces, translation equilibrium surface and isoenergy surface. 
(b) Equilibrium surfaces of vibration, rotation and translation. 

Table 2. Zones and phases 

Gas zone Bሾܪሿ Solid zone Bሾܮሿ Liquid zone Bሾܭሿ 
Bሾܩାሿ Bሾିܩሿ Bሾܩା ሿ Bሾିܩ ሿ Bሾܩାሿ Bሾିܩሿ 

ܪ  ܭ  ܪ ܮ  ܮ  ܮ ܭ  ܪ  ܭ ܮ  ܭ  ܪ ܭ  ܮ  ܪ ܭ  ܪ   ܮ

Table 3. Phase interfaces 

Name Symbol Condition 

J-type interface 
(planes of zero potential energy) 

Sሾܬ
ሿ ܬ ൌ ܮ െ ܪ ൌ 0 

Sሾܬ
 ሿ ܬ ൌ ܭ െ ܮ ൌ 0 

Sሾܬ
ሿ ܬ ൌ ܪ െ ܭ ൌ 0 

G-type interface 
(planes of zero chemical energy) 

Sሾܩ
ሿ ܩ ൌ ܭ െ ܮ ൌ 0 

Sሾܩ
 ሿ ܩ ൌ ܪ െ ܭ ൌ 0 

Sሾܩ
ሿ ܩ ൌ ܮ െ ܪ ൌ 0 

Table 4. Order parameters 

Zone Ahead parameter Back parameter Equilibrium condition Range 
Bሾܪሿ ܽ ൌ ܮ ⁄ܪ  ܾ ൌ ܭ ⁄ܪ 2ܾܽ ൌ 1 1 2⁄  ሺܽ, ܾሻ  1
Bሾܮሿ ܽ ൌ ܭ	 ⁄ܮ  ܾ ൌ ܪ ⁄ܮ 2ܾܽ ൌ 1 1 2⁄  ሺܽ, ܾሻ  1
Bሾܭሿ ܽ ൌ ܪ ⁄ܭ  ܾ ൌ ܮ ⁄ܭ 2ܾܽ ൌ 1 1 2⁄  ሺܽ, ܾሻ  1

Table 5. Equilibrium surfaces 

Name Symbol Condition 
Vibration surface Sሾܪሿ ܪ ൌ  ܭܮ2√
Rotation surface Sሾܮሿ ܮ ൌ  ܪܭ2√

Translation surface Sሾܭሿ ܭ ൌ  ܮܪ2√

Table 6. Structure of equilibrium surfaces 

Zone\Phase Bሾܩାሿ Bሾିܩሿ Bሾܩା ሿ Bሾିܩ ሿ Bሾܩାሿ Bሾିܩሿ 
Sሾܪሿ Sሾܪሿ Sሾܪሿ Sሾܪሿ 
Sሾܮሿ  Sሾܮሿ Sሾܮሿ Sሾܮሿ  
Sሾܭሿ Sሾܭሿ  Sሾܭሿ Sሾܭሿ 
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4   Cluster Ensemble Statistics 

Cluster ensemble is a set of snapshots of particle configurations, and its principle is similar to that of the 
computer tomography. Cluster ensemble statistics is a new method based on the concepts of body particles 
and energy space. This section explains the statistical principle and calculates the statistical functions of 
gas, liquid and solid. 

4.1  Statistical Principle 

(1) Object and cells 

Imagine an object as a container with boundary ܵ and volume ܸ, in which ܰ base-particles are 
contained. These particles are constantly moving, including translation, rotation and vibration. Because of 
the volume repulsion, the different particles do not intersect in space, so the density of particles in the 
container is limited. 

In order to study the distribution of particles, it is necessary to divide the volume of an object with unit 
cells of identical shape. The unit cell is a cube with volume ௦ܸ ൌ  ,௦ଷ which is called volume quantum. Thenݎ
the object has the total number of cells 
 ܰ ൌ ܸ ௦ܸ⁄ ൌ ෨ܸ 	. (4) 
If there are ݊ particles in the ݍ-th cell, the particle density of the cell is ݊ ௦ܸ⁄ . The total number of 
particles is ܰ ൌ ∑ ݊

ே
ୀଵ  and the average number of particles per cell is ത݊ ൌ ܰ ܰ⁄ . 

(2) Ensemble and cluster 

Now we take the snapshots of the particle configuration in a time sequence, ݐ ൌ ௦ݐ ∙ ߬ , 
߬ ൌ 1,2,⋯ , ݇,⋯ ఛܰ, with the time quantum ݐ௦ ൌ ௦ݎ ⁄௦ݑ . The set of these snapshots is called a statistical 
ensemble. In the ensemble, the number of snapshots is ఛܰ, and the total number of cells is ܰ ൈ ఛܰ. 

The set of particles in one cell is called a cluster. The cluster of ݊ particles is called a ݊-cluster denoted 
by ԧሺ݊ሻ. The total number of ݊-clusters in the ensemble is denoted by ܥ. To number the particles by 
݅ ൌ 1,2,⋯ ,ܰ implies that the particles are distinguishable. To avoid confusion, the example particles in 
this article are numbered in capital letters (see Fig. 3). 

Because of the persistent motion of particles [9], each particle has the possibility to enter all cells. Which 
particles enter the same cell to form a cluster is random, but constrained by volume repulsion. Volume 
repulsion restricts the number of particles that can be accommodated in one cell. The number of ݊-clusters 
  is a statistical description of the state of the object. Macroscopic properties of an object can be givenܥ
either by particle statistics or by cluster statistics. According to the object structure model, cluster is the 
meso-particle between base-particle and top-particle [9]. An example of cluster is the gridon in particle field 
theory [7,8]. 

(3) Cluster matrix 

The clusters of an ensemble are characterized by a ܰ ൈ ఛܰ matrix with the element ܥఛ. The matrix 
element ܥఛ represents the number of ݊-clusters in the -th snapshot. For example, Fig. 3 shows four 
snapshots of the ensemble (drawn as two-dimensional graph for clarity). This ensemble has cells ܰ ൌ 9 
and particles ܰ ൌ 10. The particles are marked by A, B, C, D, E, F, G, H, I and J. The first four snapshots 
are marked by ߬ ൌ 1,2,3,4. 
߬ ൌ 1. B, D, H, I, J are 1-clusters, CF is 2-cluster, AEG is 3-cluster. The matrix elements are ܥଵଵ ൌ 5, 

ଶଵܥ ൌ ଷଵܥ ,1 ൌ 1, and the rest is zero. In this snapshot, the number of clusters is ܥଵଵ  ଶଵܥ  ଷଵܥ ൌ 7 and 
the number of particles is ܰ ൌ 1 ∙ ଵଵܥ  2 ∙ ଶଵܥ  3 ∙ ଷଵܥ ൌ 10. 
߬ ൌ 2. A, C, D, J are 1-clusters, BF, GI and EH are 2-clusters. The matrix elements are ܥଵଶ ൌ 4, 

ଶଶܥ ൌ 3, and the rest is zero. In this snapshot, the number of clusters is ܥଵଶ  ଶଶܥ ൌ 7 and the number of 
particles is ܰ ൌ 1 ∙ ଵଶܥ  2 ∙ ଶଶܥ ൌ 10. 
߬ ൌ 3. C, D, E, G, H, J are 1-clusters, AI and BF are 2-clusters. The matrix elements are ܥଵଷ ൌ 6, 

ଶଷܥ ൌ 2, and the rest is zero. In this snapshot, the number of clusters is ܥଵଷ  ଶଷܥ ൌ 8 and the number of 
particles is ܰ ൌ 1 ∙ ଵଷܥ  2 ∙ ଶଷܥ ൌ 10. 
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߬ ൌ 4. C, F, G, H, J are 1-clusters, BE is 2-cluster, ADI is 3-cluster. The matrix elements are 
ଵସܥ ൌ ଶସܥ	,5 ൌ ଷସܥ ,1 ൌ 1, and the rest is zero. In this snapshot, the number of clusters is ܥଵସ  ଶସܥ 
ଷସܥ ൌ 7 and the number of particles is ܰ ൌ 1 ∙ ଵସܥ  2 ∙ ଶସܥ  3 ∙ ଷସܥ ൌ 10. 

 

Figure 3. Sketch map for statistical principle of cluster ensemble. Four snapshots at time ߬ ൌ 1,2,3,4. 

Table 7 lists the elements of cluster matrix of the first ten snapshots (߬ ൌ 1,2,3,⋯ ,10.). For clarity, we 
use spaces to denote the elements that equal to zero. 

Table 7. Example of cluster matrix ܥఛ for ܰ ൈ ఛܰ ൌ 10 ൈ 10 

ఛ 1 2 3 4ܥ 5 6 7 8 9  ܥ 10

1 5 4 6 5 3 4 3 6 5 4 4.5 
2 1 3 2 1 2 1 2 2 1 3 1.8 
3 1   1 1 1 1  0.5 
4    1  0.1 
⁞      
9      
10      
ఛ 7 7 8 7∗ܥ 6 6 6 8 7 7 6.9 

(4) Matrix property 

Firstly, let’s look at the column elements. The sum of the elements of each column is ܥ∗ఛ ൌ ∑ ఛଵܥ
ୀଵ . 

They are ܥ∗ଵ ൌ ଶ∗ܥ ,7 ൌ ଷ∗ܥ ,7 ൌ ସ∗ܥ ,8 ൌ ହ∗ܥ ,7 ൌ ∗ܥ ,6 ൌ ∗ܥ ,6 ൌ ଼∗ܥ ,6 ൌ ଽ∗ܥ ,8 ൌ ଵ∗ܥ ,7 ൌ 7. 
 த are placed in the last row of the table 7. Because the particle number in each snapshot is constant, for∗ܥ
each column it has ܰ ൌ ∑ ሺ݊ ∙ ఛሻଵܥ

ୀଵ ൌ 10. Calculating the time average of ܥ∗ఛ gets the total number of 
clusters, ܥ ൌ ∑ ሺܥ∗ఛ 10⁄ ሻଵ

ఛୀଵ ൌ 6.9 ൏ 10, which is put in the last column and the last row of the table. 
Then, let’s look at the row elements. The time average of each row elements is ܥ ൌ ∑ ሺܥఛ 10⁄ ሻଵ

ఛୀଵ . 
They are ܥଵ ൌ ଶܥ ,4.5 ൌ ଷܥ ,1.8 ൌ ସܥ ,0.5 ൌ ହܥ ,0.1 ൌ ܥ ൌ ܥ ൌ ଼ܥ ൌ ଽܥ ൌ ଵܥ ൌ   are placed inܥ .0
the last column of the table. The total number of clusters is obtained by summing the last column of the 
table, ܥ ൌ ∑ ଵܥ

ୀଵ ൌ 6.9. The total number of particles can also be obtained according to the formula 
ܰ ൌ ∑ ሺ݊ ∙ ሻଵܥ

ୀଵ ൌ 10. 
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In general, the element ܥఛ forms a ܰ ൈ ఛܰ cluster matrix. Because the number of particles in each 
snapshot is conserved, the elements of the -th column satisfy following relationship 

 ሺ݊ ∙ ఛሻܥ
ே

ୀଵ
ൌ ܰ	. (5) 

As all particles experience the same time, the total time experienced by all particles in the ensemble is 

  ሺ݊ ∙ ఛሻܥ
ே

ୀଵ

ேഓ

ఛୀଵ
ൌ ൬݊ ∙ ఛܥ

ேഓ

ఛୀଵ
൰

ே

ୀଵ
ൌ ܰ ∙ ఛܰ	. (6) 

Above equation can be rewritten as 

 ൬݊ ∙
1

ఛܰ
 ఛܥ

ேഓ

ఛୀଵ
൰

ே

ୀଵ
ൌ ܰ	. (7) 

Let 

ܥ ൌ
1

ఛܰ
 ఛܥ

ேഓ

ఛୀଵ
	, (8) 

  is the time average of the elements in the ݊-th row of the matrix, which is the number of ݊-clusters inܥ
the ensemble. Thus, Eq. (7) can be written in the form 

 ሺ݊ ∙ ሻܥ
ே

ୀଵ
ൌ ܰ	. (9) 

Formula (9) stands for the conservation of total number of particles. 
The sum of ܥ gives the total number of clusters of the ensemble 

ܥ ൌ ܥ
ே

ୀଵ
ൌ

1

ఛܰ
  ఛܥ

ேഓ

ఛୀଵ

ே

ୀଵ
 ܰ	. (10) 

It is seen that the total number of clusters is the time average of the sum of all matrix elements. The cluster 
number ܥ is not greater than the particle number ܰ because the total number of particles is conserved. 

In addition, we define the sum of column elements as the number of transient clusters 

ఛ∗ܥ ≡ ఛܥ
ே

ୀଵ
	 ܰ	. (11) 

The total number of clusters can also be calculated by the time average of the transient clusters 

ܥ ൌ
1

ఛܰ
 ఛ∗ܥ

ேഓ

ఛୀଵ
ൌ

1

ఛܰ
  ఛܥ

ே

ୀଵ

ேഓ

ఛୀଵ
	. (12) 

The ensemble average is actually an average over time. Because the time intervals between adjacent 
snapshots are equal, changing the time order of snapshots will not affect the statistical results. 

(5) Statistical equilibrium 

If the structure of clusters is stable and the number of clusters does not change with time, this ensemble 
reaches a state of statistical equilibrium. The condition of statistical equilibrium is expressed as 
ܥ	  ൌ ܰ	.	 (13) 
For nonequilibrium ensemble, ܥ ് ܰ, we define a nonequilibrium factor 
߆  ≡ ܥ ܰ⁄ 	.	 (14) 
For equilibrium ensemble, it has ߆ ൌ 1 . Table 7 is an example of nonequilibrium ensemble with 
nonequilibrium factor ߆ ൌ 6.9 9⁄ ൌ 0.77. 

(6) Statistical constraint 

In the energy space, the digit of major energy is 
෩ܪ  ൌ ܰ	, ෨ܮ						 ൌ ܰ	, ෩ܭ						 ൌ ܰ	. (15) 
If the digit of back energy equals the number of clusters 
෩ܭ  ൌ ෩ܪ				,	ܥ ൌ ෨ܮ				,	ܥ ൌ  , (16)	ܥ
then, the cluster ensemble and the energy space are isomorphic. Eq. (16) is called the isomorphic constraint 
on the cluster ensemble. Under this constraint, the back parameter becomes 

ܾ ≡
ܭ

ܪ ൌ
ܥ

ܰ
	,			ܾ ≡

ܪ

ܮ
ൌ
ܥ

ܰ
	,			ܾ ≡

ܮ

ܭ ൌ
ܥ

ܰ
	. (17) 

The equilibrium condition (13) can be written as 
 ෨ܸ  ൌ 			,	ܥ ෨ܸ  ൌ 			,	ܥ ෨ܸ  ൌ  . (18)	ܥ
Eq. (18) is called equilibrium constraint on the cluster ensemble. 
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(7) Cluster statistics 

The probability of ݊-cluster is defined as 

ߩ ≡
ܥ
ܥ
	,						 ߩ

ே

ୀଵ
≡ߩ ൌ 1	. (19) 

Without causing confusion, the symbol ∑ ሺ∗ሻே
ୀଵ  for cluster summation is thereafter simplified to ∑ሺ∗ሻ. 

For ݊-cluster, ߟ, ,ߣ ,ߢ ,ߝ ,ߠ ߮,  , stand for the vibratory energy, rotary energy, translatory energyߛ
entire energy, thermal energy, potential energy and chemical energy, respectively. The total motional 
energy and auxiliary energy can be calculated by cluster ststistics. 
ܪ  ൌ ߟܥ∑ ൌ ܥ ߟߩ∑ ൌ ߟ					,	ߟܥ ൌ   .	ߟߩ∑
ܮ  ൌ ߣܥ∑ 	ൌ ܥ ߣߩ∑ ൌ ߣ					,	ߣܥ ൌ   	.	ߣߩ∑
ܭ  ൌ ߢܥ∑ ൌ ܥ ߢߩ∑ ൌ ߢ					,	ߢܥ ൌ   .	ߢߩ∑
ܧ  ൌ ߝܥ∑ 	ൌ ܥ ߝߩ∑ ൌ ߝ						,	ߝܥ ൌ  . (20)	ߝߩ∑
 ܳ ൌ ߠܥ∑ ൌ ܥ ߠߩ∑ ൌ ߠ						,	ߠܥ ൌ   .	ߠߩ∑
	ܬ  ൌ ߮ܥ∑ ൌ ܥ ߮ߩ∑ ൌ ߮				,	߮ܥ ൌ   .	߮ߩ∑
ܩ  ൌ ߛܥ∑ 	ൌ ܥ ߛߩ∑ ൌ ߛ							,ߛܥ ൌ   .		ߛߩ∑
In above formulas, ߟ, ,ߣ ,ߢ ,ߝ ,ߠ ߮,  .are the average energies per cluster ߛ

4.2  Liquid Statistics 

(1) Statistical zone 

The zone index of liquid is ݇. The ݊-cluster in liquid zone is denoted by ԧሺ݊ሻ, and the number of 
ԧሺ݊ሻ is denoted by ܥ . Let the principal axes frame at the time ߬ be ܲ െ  ොଷ , at the timeࢋොଶࢋොଵࢋ
߬  1 be ܲ

ᇱ െ ොଵᇱࢋ ොଶࢋ
ᇱ ොଷࢋ

ᇱ . Then, ࢞ ൌ ሺݔଵ, ,ଶݔ  ଷሻ is the translation andݔ ൌ ሺଵ, ,ଶ  ଷሻ is the
translatory momentum of the cluster ԧሺ݊ሻ. The statistical zone of the cluster, ߁, is constitutes by the 
parameters ሺݔଵ, ,ଶݔ ,ଷݔ ,ଵ ,ଶ ࢞݀ ଷሻ. Let ൌ ݀ ଷ andݔଶ݀ݔଵ݀ݔ݀ ൌ  ଷ, we expressଶ݀ଵ݀݀
the volume element of ߁ as 
߁݀  ൌ ሺݏ௦ିଷ ∙ ሻ݀࢞݀

ೖ
௦ݏ					,	 ൌ  . (21)		௦௦ݔ

The liquid statistical zone consisting of all clusters is ߁, with the zone volume element 

߁݀ ൌෑ ߁݀
ே

ୀଵ
ൌෑ ሺݏ௦ିଷ ∙ ሻ݀࢞݀

ೖ
ே

ୀଵ
	 , ௦߁				 ൌ 1	. (22) 

(2) Partition function 

The partition function of liquid is defined as 

ܼு
 ≡ න exp൫െܪ෩൯ ߁݀

௰ೖ
	, (23) 

where exp൫െܪ෩൯ is the probability density of the ahead energy (vibratory energy). Partition function ܼு 
is the integral of probability density in the liquid statistical zone ߁. 

The potential energy of the cluster, ߮, can be expressed by the translation ࢞ ൌ ሺݔଵ, ,ଶݔ  ଷሻ asݔ
 ߮ ൌ ߮ሺݔଵ, ,ଶݔ  . (24)	ଷሻݔ
The major energy (translatory energy) of the cluster, ߢ, can be expressed by the translatory momentum 
 ൌ ሺଵ, ,ଶ  ଷሻ as

ߢ ൌ
ଵଶ  ଶ

ଶ  ଷ
ଶ

ܯ2
		, (25) 

where ܯ is the mass of cluster ԧሺ݊ሻ. 
The energy scale of liquid is ܭ௦ ൌ ݇ܶ. Due to ߟ ൌ ߮   , the digits of ahead energy (vibratoryߢ

energy ) for the cluster and the liquid are 
ߟ ൌ ߟ ⁄௦ܭ ൌ ሺ߮  ሻߢ ⁄௦ܭ 	, 

෩ܪ ൌሺܥ ∙ ሻߟ ൌܥ ∙ ሺ߮  ሻߢ ⁄௦ܭ 		. (26) 
Substituting ܪ෩ and ݀߁ into ܼு , the partition function of the liquid is calculated as follows 
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ܼு
 ൌ න exp൫െܪ෩൯ ߁݀

௰ೖ
ൌ න exp ቀെܥ ∙ ቁෑߟ ߁݀

ே

ୀଵ௰ೖ

ൌ න ෑ expሾെܥ ∙ ሺ߮  ሻߢ ⁄௦ܭ ሿ ∙ෑ ሺݏ௦ିଷ ∙ ሻ݀࢞݀
ೖ

௰ೖ

ൌෑ ൬නexpሺെ߮ ⁄௦ܭ ሻ ൰࢞݀

ೖ


∙ෑ ൬ݏ௦ିଷ ∙ න expሺെߢ ⁄௦ܭ ሻ ൰݀


ೖ



ൌෑ ൫ ܸఝ


ܸ
⁄ ൯


ೖ


	. 

In above formula, ܸఝ
  is the volume taking by the potential energy of the cluster, and ܸ

  is the volume 
taking by the major energy of the cluster. ܸఝ

  and ܸ
  can be further calculated as 

ܸఝ
 ൌ ௦ܸ ∙ ෨ܸఝ ൌ නexpሺെ߮ ⁄௦ܭ ሻ ࢞݀

ൌම expሾെ ߮ሺݔଵ, ,ଶݔ ଷݔଶ݀ݔଵ݀ݔଷሻሿ݀ݔ
േஶ

	, (27) 

ܸ
 ൌ ௦ܸ ∙ ෨ܸ ൌ ௦ଷݏ ∙ ൬නexpሺെߢ ⁄௦ܭ ሻ ൰݀

ିଵ

ൌ ௦ଷݏ ∙ ቈම expቆെ
ଵଶ  ଶ

ଶ  ଷ
ଶ

௦ܭܯ2
ቇ݀ଵ݀ଶ݀ଷ

േஶ

ିଵ

ൌ ௦ଷݏ ∙ ቊෑ ቈන expቆെ
ఈଶ

௦ܭܯ2
ቇ݀ఈ

ାஶ

ିஶ


ଷ

ఈୀଵ
ቋ
ିଵ

ൌ ቆ
௦ଶݏ

௦ܭܯߨ2
ቇ
ଷ/ଶ

ൌ ௦ܸ ∙ ቆ
1

෩ܯߨ2
ቇ
ଷ/ଶ

. (28) 

So the digit of volume ܸ
  is 

 ෨ܸ ൌ ൫2ܯߨ෩൯
ିଷ/ଶ

. (29) 
The following integral formula is used in the calculation of partition function 

ሺܽሻܫ ൌ න expሺെܽݕଶሻ
ାஶ

ିஶ
ݕ݀ ൌ ቀ

ߨ
ܽ
ቁ
ଵ/ଶ
. 

Finally, the partition function of liquid can be written as 

ܼு
 ൌෑ ൫ ෨ܸఝ ෨ܸ⁄ ൯


ೖே

ୀଵ
	. (30) 

(3) Energy statistics 

Taking the logarithm of partition function, we get the digit of ahead energy as 
෩ܪ ൌ ln ܼு

 ൌܥ ∙ ln൫ ෨ܸఝ ෨ܸ⁄ ൯	. (31) 
It can be seen that the volume and the motional energy of the cluster have direct relationships 

߮ ൌ ln ෨ܸఝ ߢ̃								,	 ൌ െ ln ෨ܸ 	, 
ሚߣ  ൌ െ ln ෨ܸఒ

 ߟ					,	 ൌ െ ln ෨ܸఎ ൌ ln൫ ෨ܸఝ ෨ܸ⁄ ൯	. (32) 
Namely 

෨ܸఝ ൌ expሺ ߮ሻ	,									 ෨ܸ ൌ expሺെ̃ߢሻ	,	 
 ෨ܸ

ఒ
 ൌ exp൫െߣሚ൯	,						 ෨ܸఎ ൌ expሺെߟሻ ൌ ෨ܸ ෨ܸఝൗ 	. (33) 

Therefore, the motional energy of liquid can be expressed as 
෩ܭ	  ൌ െ∑൫ܥ ∙ ln ෨ܸ ൯ ൌ ܥ ∑ሺߩ ∙ ሻߢ̃ ൌ   ,		ߢ̃ܥ
෩ܪ	  ൌ െ∑൫ܥ ∙ ln ෨ܸఎ ൯ ൌ ܥ ∑ሺߩ ∙ ሻߟ ൌ  , (34)		ߟܥ
෨ܮ	  	ൌ െ∑൫ܥ ∙ ln ෨ܸఒ

 ൯ ൌ ܥ ∑൫ߩ ∙ ሚ൯ߣ ൌ   .			ሚߣܥ
Using equation (29), ෨ܸ ൌ ൫2ܯߨ෩൯

ିଷ/ଶ, the number of major energy can be further calculated as follows 
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෩ܭ ൌ െ൫ܥ ∙ ln ෨ܸ ൯ ൌ
3
2
∙ܥ ∙ ln൫2ܯߨ෩൯

ൌ
3
2
ܥ ∙ ቂlnሺ2ߨሻ ൫ߩ ∙ lnܯ෩൯ቃ

ൌ
3
2
ܥ ∙ ൣlnሺ2ߨሻ  lnܯ෩൧ ൌ

3
2
ܥ ∙ ln൫2ܯߨ෩൯	. (35) 

In above formula 
lnܯ෩ ൌ൫ߩ ∙ lnܯ෩൯		, (36) 

where ܯ෩ is called the mass correlation, which reflects the interaction between particle masses. 
Because ܭ෩ ൌ ܰ, Eq. (35) gives the order parameter as 

ܾ ൌ
ܥ

ܰ
ൌ
2
3
∙

1

ln൫2ܯߨ෩൯
	,			ܽ ൌ

1
2ܾ

ൌ
3
4
∙ ln൫2ܯߨ෩൯	. (37) 

(4) Volume statistics 

The volumes corresponding to the three modes of motion are 
 ෨ܸ ൌ ∑൫ܥ ∙ ෨ܸ ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸ ൯		,  
 ෨ܸఎ ൌ ∑൫ܥ ∙ ෨ܸఎ ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸఎ ൯		, (38) 
 ෨ܸ

ఒ
 ൌ ∑൫ܥ ∙ ෨ܸఒ

 ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸఒ
 ൯		.  

So, the total volume of the object is 
෨ܸ  ൌ ෨ܸ  ෨ܸఎ  ෨ܸ

ఒ
 ൌ ܥ ∙  ,	߆

߆ ൌߩ൫ ෨ܸ  ෨ܸఎ  ෨ܸ
ఒ
 ൯	. (39) 

The equilibrium condition for liquid statistics is ߆ ൌ 1	. 

4.3  Solid Statistics 

(1) Statistical zone 

The zone index of solid is ݈. The ݊-cluster in solid zone is denoted by ԧሺ݊ሻ, and the number of ԧሺ݊ሻ 
is denoted by ܥ . Let ࣂ ൌ ሺߠଵ, ,ଶߠ ࢙ ,ଷሻ be the rotation of the cluster in unit timeߠ ൌ ሺݏଵ, ,ଶݏ  ଷሻݏ
be the rotary momentum of the cluster. The statistical zone of the cluster, ߁, is constitutes by the 
parameters ሺߠଵ, ,ଶߠ ,ଷߠ ,ଵݏ ,ଶݏ ࣂ݀ ଷሻ. Letݏ ൌ ࢙݀ ଷ andߠଶ݀ߠଵ݀ߠ݀ ൌ  ଷ, we expressݏଶ݀ݏଵ݀ݏ݀
the volume element of ߁ as 
߁݀  ൌ ሺݏ௦ିଷ ∙ ሻ࢙݀ࣂ݀


	,	 (40) 

The solid statistical zone consisting of all clusters is ߁, and its volume element is 

߁݀ ൌෑ ߁݀
ே

ୀଵ
ൌෑ ሺݏ௦ିଷ ∙ ሻ࢙݀ࣂ݀


ே

ୀଵ
		. (41) 

(2) Partition function 

The partition function of solid is defined as 

ܼ
 ≡ න exp൫െܭ෩൯ ߁݀

௰
	, (42) 

where exp൫െܭ෩൯ is the probability density of the ahead energy (translatory energy). Partition function 
ܼ
  is the integral of probability density in the solid statistical zone ߁. 
The potential energy of the cluster, ߮ , is expressed by the rotation ࣂ ൌ ሺߠଵ, ,ଶߠ  ଷሻ asߠ

 ߮ ൌ ߮ ሺߠଵ, ,ଶߠ  . (43)	ଷሻߠ
The major energy(rotary energy) of the cluster, ߣ , is expressed by the rotary momentum ࢙ ൌ
ሺݏଵ, ,ଶݏ  ଷሻ asݏ

ߣ ൌ
ଵଶݏ

ଵܫ2

ଶݏ
ଶ

ଶܫ2

ଷݏ
ଶ

ଷܫ2
	, (44) 

where ܫଵ, ,ଶܫ  .ଷ are principal rotary inertias of the cluster ԧሺ݊ሻܫ
The energy scale of solid is ܮ௦ ൌ ߢ According to .ݖ݈ ൌ ߮   , the digits of ahead energy (translatoryߣ

energy ) for the cluster and the solid are 
ߢ̃ ൌ ߢ ⁄௦ܮ ൌ ሺ߮  ߣ ሻ ⁄௦ܮ 	, 
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෩ܭ ൌሺܥ ∙ ߢ̃ ሻ ൌܥ ∙ ሺ߮  ߣ ሻ ⁄௦ܮ 		. (45) 
Similar to the case of liquid, we can calculate the partition function of solid by substituting ܭ෩ and ݀߁ 

into ܼ . The result is 

ܼ
 ൌෑ ൫ ෨ܸఝ ෨ܸ

ఒ
⁄ ൯


ே

ୀଵ
	, (46) 

where ෨ܸఝ  
and ෨ܸఒ  are the cluster volumes of the potential energy and the major energy, respectively. 

෨ܸఝ ൌ නexpሺെ߮ ⁄௦ܮ ሻ ࣂ݀

ൌම expሾെ ߮ ሺߠଵ, ,ଶߠ ଷߠଶ݀ߠଵ݀ߠଷሻሿ݀ߠ
േஶ

	, (47) 

෨ܸ
ఒ
 ൌ ൬ݏ௦ିଷ ∙ න expሺെߣ ⁄௦ܮ ሻ ൰࢙݀

ିଵ

ൌ ௦ଷݏ ∙ ቊම exp ቈെ
1
௦ܮ2

ቆ
ଵଶݏ

ଵܫ

ଶݏ
ଶ

ଶܫ

ଷݏ
ଶ

ଷܫ
ቇ ଷݏଶ݀ݏଵ݀ݏ݀

േஶ
ቋ
ିଵ

ൌෑ ቈන expቆെ
ఈଶݏ̃

ሚఈܫ2
ቇ݀̃ݏఈ

ାஶ

ିஶ


ଷ

ఈୀଵ

ିଵ

ൌෑ ሺ2ܫߨሚఈሻିଵ/ଶ
ଷ

ఈୀଵ

ൌ ሺ2ܫߨሚሻିଷ/ଶ	,												ܫሚଷ ൌෑ ሚఈܫ
ଷ

ఈୀଵ
	. (48) 

(3) Energy statistics 

The digit of ahead energy ܭ෩ is obtained by taking the logarithm of the partition function 
෩ܭ ൌ ln ܼ

 ൌܥ ∙ ln൫ ෨ܸఝ ෨ܸ
ఒ
⁄ ൯	. (49) 

The volume and the motional energy of the cluster have following relationships 
෨ܸఝ ൌ expሺ ߮ ሻ	,									 ෨ܸఒ

 ൌ exp൫െߣሚ ൯	, 
 ෨ܸఎ ൌ expሺെߟ ሻ	,						 ෨ܸ ൌ expሺെ̃ߢ ሻ ൌ ෨ܸ

ఒ
 ෨ܸఝൗ 	. (50) 

Therefore, the motional energy of the solid can be expressed as 
෨ܮ	  	ൌ െ∑൫ܥ ∙ ln ෨ܸఒ

 ൯ ൌ ܥ ∑൫ߩ ∙ ሚߣ ൯ ൌ   ,		ሚߣܥ
෩ܭ  	ൌ െ∑൫ܥ ∙ ln ෨ܸ ൯ ൌ ܥ ∑ሺߩ ∙ ߢ̃ ሻ ൌ  , (51)		ߢ̃ܥ
෩ܪ  	ൌ െ∑൫ܥ ∙ ln ෨ܸఎ ൯ ൌ ܥ ∑ሺߩ ∙ ߟ ሻ ൌ   .			ߟܥ
Using equation (48), ෨ܸఒ ൌ ሺ2ܫߨሚሻିଷ/ଶ, we have 

෨ܮ ൌ െ൫ܥ ∙ ln ෨ܸఒ
 ൯ ൌ

3
2
ܥ ∙ lnሺ2ܫߨሚሻ	 , 				ln ሚܫ ൌሺߩ ∙ ln  . (52)	ሚሻܫ

where ܫሚ is called the inertia correlation. Because ܮ෨ ൌ ܰ, Eq. (52) gives the order parameter of solid as 

ܾ ൌ
ܥ

ܰ
ൌ
2
3
∙

1

lnሺ2ܫߨሚሻ
	,			ܽ ൌ

1
2ܾ

ൌ
3
4
∙ lnሺ2ܫߨሚሻ	. (53) 

(4) Volume statistics 

The volumes corresponding to the three modes of motion are 
 ෨ܸ

ఒ
 ൌ ∑൫ܥ ∙ ෨ܸఒ

 ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸఒ
 ൯		,  

 ෨ܸ ൌ ∑൫ܥ ∙ ෨ܸ ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸ ൯		, (54) 
 ෨ܸఎ ൌ ∑൫ܥ ∙ ෨ܸఎ ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸఎ ൯		.  
So, the total volume of the object is 

෨ܸ  ൌ ෨ܸ  ෨ܸఎ  ෨ܸ
ఒ
 ൌ ܥ ∙  ,߆

߆ ൌߩ ൫ ෨ܸఒ
  ෨ܸ  ෨ܸఎ ൯		. (55) 

The equilibrium condition for solid statistics is ߆ ൌ 1	. 

4.4  Gas Statistics 

(1) Statistical zone 
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The zone index of gas is ݄. The ݊-cluster in gas zone is denoted by ԧሺ݊ሻ, and the number of ԧሺ݊ሻ is 
denoted by ܥ. Let ࢿ ൌ ሺߝଵ, ,ଶߝ ࣑ ଷሻ be the deformation of the cluster andߝ ൌ ሺ߯ଵ, ߯ଶ, ߯ଷሻ be the 
stress of the cluster. The statistical zone of the cluster, ߁ , is constitutes by the parameters 
ሺߝଵ, ,ଶߝ ,ଷߝ ߯ଵ, ߯ଶ, ߯ଷሻ. Let ݀ࢿ ൌ ࣑݀ ଷ andߝଶ݀ߝଵ݀ߝ݀ ൌ ݀߯ଵ݀߯ଶ݀߯ଷ, we express the volume 
element of ߁ as 
߁݀  ൌ ሺ߯௦ିଷ ∙ ሻ࣑݀ࢿ݀


	, (56) 

The gas statistical zone consisting of all clusters is ߁, and its volume element is 

߁݀ ൌෑ ߁݀
ே

ୀଵ
ൌෑ ሺ߯௦ିଷ ∙ ሻ࣑݀ࢿ݀


ே

ୀଵ
		. (57) 

(2) Partition function 

The partition function of gas is defined as 

ܼ
 ≡ න exp൫െܮ෨൯ ߁݀

௰
	, (58) 

where exp൫െܮ෨൯ is the probability density of ahead energy (rotary energy). Partition function ܼ is the 
integral of the probability density in statistical zone ߁. 

The potential energy of the cluster, ߮, is expressed by the deformation ࢿ ൌ ሺߝଵ, ,ଶߝ  ଷሻ asߝ
 ߮ ൌ ߮ሺߝଵ, ,ଶߝ  . (59)	ଷሻߝ
The major energy (vibratory energy) of the cluster, ߟ, is expressed by the stress ࣑ ൌ ሺ߯ଵ, ߯ଶ, ߯ଷሻ as 

ߟ ൌ ௦ܸ ∙ ቆ
߯ଵଶ

2 ܻଵ

߯ଶ
ଶ

2 ܻଶ

߯ଷ
ଶ

2 ܻଷ
ቇ	, (60) 

where ܻଵ, ܻଶ, ܻଷ are principal elastic modulus of the cluster ԧ
ሺ݊ሻ. 

The energy scale of gas is ܪ௦ ൌ ߣ According to .ݒ݄ ൌ ߮   , the digits of ahead energy (rotaryߟ
energy ) for the cluster and the gas are 

ሚߣ ൌ ߣ ⁄௦ܪ ൌ ሺ߮  ሻߟ ⁄௦ܪ 	, 
෨ܮ ൌ൫ܥ ∙ ሚ൯ߣ ൌܥ ∙ ሺ߮  ሻߟ ⁄௦ܪ 		. (61) 

The partition function of gas is calculated by substituting ܮ෨ and ݀߁ into ܼ. The result is 

ܼ
 ൌෑ ൫ ෨ܸఝ ෨ܸఎൗ ൯


ே

ୀଵ
	, (62) 

where ෨ܸఝ  
and ෨ܸఎ  are the cluster volumes of the potential energy and the major energy, respectively. 

෨ܸఝ ൌ නexpሺെ߮ ⁄௦ܪ ሻ ࢿ݀

ൌම expሾെ ߮ሺߝଵ, ,ଶߝ ଷߝଶ݀ߝଵ݀ߝଷሻሿ݀ߝ
േஶ

	, (63) 

෨ܸఎ ൌ ൬߯௦ିଷ ∙ න expሺെߟ ⁄௦ܪ ሻ ൰࣑݀
ିଵ

ൌ ߯௦ଷ ∙ ቊම exp ቈെ ௦ܸ

௦ܪ2
ቆ
߯ଵଶ

ܻଵ

߯ଶ
ଶ

ܻଶ

߯ଷ
ଶ

ܻଷ
ቇ ݀߯ଵ݀߯ଶ݀߯ଷ

േஶ
ቋ
ିଵ

ൌෑ ቈන expቆെ
߯ఈଶ

2 ෨ܻఈ
ቇ݀ ߯ఈ

ାஶ

ିஶ


ଷ

ఈୀଵ

ିଵ

ൌෑ ൫2ߨ ෨ܻఈ൯
ିଵ/ଶଷ

ఈୀଵ

ൌ ൫2ߨ ෨ܻ൯
ିଷ/ଶ

	,												 ෨ܻଷ ൌෑ ෨ܻఈ
ଷ

ఈୀଵ
	. (64) 

(3) Energy statistics 

The digit of ahead energy ܮ෨ is obtained by taking the logarithm of the partition function 
෨ܮ ൌ ln ܼ

 ൌܥ ∙ ln൫ ෨ܸఝ ෨ܸఎൗ ൯	. (65) 
The volume and the motional energy of the cluster have following relationships 

෨ܸఝ ൌ expሺ ߮ሻ	,									 ෨ܸఎ ൌ expሺെߟሻ	, 
 ෨ܸ ൌ expሺെ̃ߢሻ	,						 ෨ܸఒ

 ൌ exp൫െߣሚ൯ ൌ ෨ܸఎ ෨ܸఝൗ 	. (66) 
Therefore, the motional energy of the gas can be expressed as 
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෩ܪ	  	ൌ െ∑൫ܥ ∙ ln ෨ܸఎ ൯ ൌ ܥ ∑ሺߩ ∙ ሻߟ ൌ   ,	ߟܥ
෨ܮ	  		ൌ െ∑൫ܥ ∙ ln ෨ܸఒ

 ൯ ൌ ܥ ∑൫ߩ ∙ ሚ൯ߣ ൌ  , (67)	ሚߣܥ
෩ܭ	  	ൌ െ∑൫ܥ ∙ ln ෨ܸ ൯ ൌ ܥ ∑ሺߩ ∙ ሻߢ̃ ൌ   .	ߢ̃ܥ
Using equation (64), ෨ܸఎ ൌ ൫2ߨ ෨ܻ൯

ିଷ/ଶ, we have 

෩ܪ ൌ െ൫ܥ ∙ ln ෨ܸఎ ൯ ൌ
3
2
ܥ ∙ ln൫2ߨ ෨ܻ൯	 , 				ln ෨ܻ ൌ൫ߩ ∙ ln ෨ܻ൯	. (68) 

where ෨ܻ is called the modulus correlation. Because ܪ෩ ൌ ܰ, Eq. (68) gives the order parameter of gas as 

ܾ ൌ
ܥ

ܰ
ൌ
2
3
∙

1

ln൫2ߨ ෨ܻ൯
	,			ܽ ൌ

1
2ܾ

ൌ
3
4
∙ ln൫2ߨ ෨ܻ൯	. (69) 

(4) Volume statistics 

The volumes corresponding to the three modes of motion are 
 ෨ܸఎ ൌ ∑൫ܥ ∙ ෨ܸఎ ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸఎ ൯		,  
 ෨ܸ

ఒ
 ൌ ∑൫ܥ ∙ ෨ܸఒ

 ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸఒ
 ൯		, (70) 

 ෨ܸ ൌ ∑൫ܥ ∙ ෨ܸ ൯ ൌ ܥ ∙ ∑൫ߩ ∙ ෨ܸ ൯		.  
So, the total volume of the object is 

෨ܸ  ൌ ෨ܸ  ෨ܸఎ  ෨ܸ
ఒ
 ൌ ܥ ∙  ,߆

߆ ൌߩ൫ ෨ܸ
  ෨ܸ

ఒ
  ෨ܸ ൯		. (71) 

The equilibrium condition for gas statistics is ߆ ൌ 1	. 

5   Liquid Thermodynamics 

This section derives the thermodynamic functions and equations, and compares them with classical 
thermodynamic theory [10]. Because the three energy zones have even permutation symmetry, we only 
study the liquid zone ॱ ൌ ,ܪ〉 ,ܮ  〉 as an example. The situation of gas and solid can be analyzed inܭ
the same way. Without causing confusion, we omit the zone index ݇ in this section. 

5.1  Thermodynamic Functions 

(1) Motional energy 

For liquid zone, the ahead energy is ܪ (vibratory energy), the back energy is ܮ (rotary energy), and 
the major energy is ܭ (translatory energy). The energy scale is ܭ௦ ൌ ݇ܶ. The order parameters and the 
equilibrium condition are 
 ܽ ൌ ܪ ⁄ܭ ,			ܾ ൌ ܮ ⁄ܭ ,			2ܾܽ ൌ 1	. (72) 
ܽ and ܾ are ahead parameter and back parameter, respectively. 

The motional energy can be decomposed by the number of particles as 
ܭ  ൌ ෩ܭ																					,	௦ܭܰ ൌ ܰ	.  
ܪ  ൌ ܭܽ ൌ ෩ܪ							,	௦ܭܰܽ ൌ ܽܰ	. (73) 
ܮ  ൌ ܭܾ ൌ ෨ܮ								,	௦ܭܾܰ ൌ ܾܰ	.  

According to the constraint ܮ෨ ൌ ܥ ൌ ܾܰ, the motional energy can be decomposed by the number of 
clusters. 
ܭ  ൌ ௦ܭܰ ൌ ௦ܭଵିܾܥ ൌ ߢ									,	ߢܥ ൌ ܾିଵܭ௦	.  
ܪ  ൌ ௦ܭܰܽ ൌ ܾܽିଵܭܥ௦ ൌ ߟ				,	ߟܥ ൌ ܾܽିଵܭ௦	. (74) 
ܮ  ൌ ௦ܭܾܰ ൌ ௦ܭܥ ൌ ߣ															,	ߣܥ ൌ   .	௦ܭ

Because ܸ ൌ ෨ܸ ௦ܸ ൌ ܥ ௦ܸ, we also have 
ܭ  ൌ ଷݍܸ ൌ ሺܥ ௦ܸݍଷሻ ൌ ߢ						,	ߢܥ ൌ ௦ܸݍଷ	.  
ܪ  ൌ ଵݍܸ ൌ ሺܥ ௦ܸݍଵሻ ൌ ߟ						,	ߟܥ ൌ ௦ܸݍଵ	. (75) 
	ܮ  ൌ ଶݍܸ ൌ ሺܥ ௦ܸݍଶሻ ൌ ߣ						,	ߣܥ ൌ ௦ܸݍଶ	.  

(2) Auxiliary energy 

The auxiliary energy is decomposed by the number of particles as 
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ܧ  ൌ ሺܽ  ܾሻܰܭ௦ ൌ ܧ				,	ܧܰ ൌ ሺܽ  ܾሻܭ௦		.  
 ܳ ൌ ሺܾ  1ሻܰܭ௦ ൌ ܰܳ	,				ܳ ൌ ሺܾ  1ሻܭ௦		.  
	ܬ  ൌ ሺܽ െ 1ሻܰܭ௦ ൌ ܬ							,	ܬܰ ൌ ሺܽ െ 1ሻܭ௦	. (76) 
ܩ  ൌ ሺܾ െ ܽሻܰܭ௦ ൌ ܩ					,	ܩܰ ൌ ሺܾ െ ܽሻܭ௦	.  
The auxiliary energy is decomposed by the number of clusters as 
ܧ  ൌ ሺܽ  ܾሻܰܭ௦ ൌ ሺܾܽିଵ  1ሻܭܥ௦ ൌ ߝ				,	ߝܥ ൌ ሺܾܽିଵ  1ሻܭ௦		.  
 ܳ ൌ ሺܾ  1ሻܰܭ௦ ൌ ሺ1  ܾିଵሻܭܥ௦ 		ൌ ߠ				,	ߠܥ ൌ ሺ1  ܾିଵሻܭ௦		.  
	ܬ  ൌ ሺܽ െ 1ሻܰܭ௦ ൌ ሺܽ െ 1ሻܾିଵܭܥ௦ ൌ ߮			,	߮ܥ ൌ ሺܽ െ 1ሻܾିଵܭ௦	. (77) 
ܩ  ൌ ሺܾ െ ܽሻܰܭ௦ ൌ ሺ1 െ ܾܽିଵሻܭܥ௦ ൌ ߛ				,	ߛܥ ൌ ሺ1 െ ܾܽିଵሻܭ௦	.  
,ߝ ,ߠ ߮,  is called chemical ߛ is called thermal potential, and ߠ are cluster energies, among them ߛ
potential. 

(3) Internal energy and enthalpy 

Now we introduce other two auxiliary functions, the interal energy ܷ and the enthalpy ܻ. 
 ܷ ≡ ܭ  ܩ ൌ ܭ  ܮ െ ܻ						,	ܪ ≡ ܳ  ܩ ൌ ܭ  ܮ2 െ  (78) .ܪ
They can be decomposed by the number of particles as 
 ܷ ൌ ሺ1  ܾ െ ܽሻܰܭ௦ ൌ ܷܰ	,									ܷ ൌ ሺ1  ܾ െ ܽሻܭ௦	.  
 ܻ ൌ ሺ1  2ܾ െ ܽሻܰܭ௦ ൌ ܰ ܻ	,								 ܻ ൌ ሺ1  2ܾ െ ܽሻܭ௦	. (79) 
They can be decomposed by the number of clusters as 
 ܷ ൌ ሺ1  ܾ െ ܽሻܾିଵܭܥ௦ ൌ ߭						,	߭ܥ ൌ ሺ1  ܾ െ ܽሻܾିଵܭ௦	.  
 ܻ ൌ ሺ1  2ܾ െ ܽሻܾିଵܭܥ௦ ൌ ߰			,	߰ܥ ൌ ሺ1  2ܾ െ ܽሻܾିଵܭ௦	. (80) 

(4) Entropy 

The ratio of thermal energy to temperature is defined as thermal entropy ܵ, and the ratio of chemical 
energy to temperature is defined as chemical entropy ܼ, 
 ܵ ≡ ܳ ܶ⁄ ൌ ሺܾ  1ሻܰ݇	,				ܼ ≡ ܩ ܶ⁄ ൌ ሺܾ െ ܽሻܰ݇	. (81) 
The thermal entropy is always positive and the chemical entropy can be positive or negative. The cluster 
entropy is 

ߪ ≡
ܵ
ܥ
ൌ
ܳ ܶ⁄

ܥ
ൌ
ܳ ⁄ܥ

ܶ
ൌ
ߠ
ܶ
ߞ					,		 ≡

ܼ
ܥ
ൌ
ܩ ܶ⁄

ܥ
ൌ
ܩ ⁄ܥ

ܶ
ൌ
ߛ
ܶ
		. (82) 

Thermal entropy is an important concept in classical thermodynamics. According to the famous 
Boltzmann formula ܵ ൌ ݇ ∙ lnΩ, the thermodynamic probability Ω can be expressed by back parameter 
 Ω ൌ expሺܵ ݇⁄ ሻ ൌ expሾሺܾ  1ሻܰሿ	. (83) 

5.2  Thermodynamic Responsivity 

(1) Equation of state 

The equation of state of liquid is given by the volume decomposition and the particle decomposition of 
the entire energy [9]. 
ܧ  ൌ ܸݍ ൌ ߤ					,ܶ݇ܰߤ ൌ ܧ ⁄ܭ ൌ ܽ  ܾ	. (84) 
where ݍ is the density of entire energy and  is the mode factor of major energy. The physical dimensions 
of pressure and energy density are the same, but their physical meanings are different. We called ݍ the 
entire pressure in this section, or just pressure for convenience. The relative changes in temperature, 
volume and pressure of an object are called thermodynamic responsivity. The responsivity can be 
calculated by the equation of state. 

(2) Isobaric volume responsivity 

The isobaric volume responsivity is defined by the volume response with the temperature change at 
constant pressure 

ܴ ≡
1
ܸ
൬
߲ܸ
߲ܶ
൰

ൌ
1
ܶ

1
ߤ
൬
ߤ߲
߲ܶ
൰

		. (85) 
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ܴ  is similar to the isobaric volume expansion coefficient. In isobaric process (ݍߜ ൌ 0), if ܴ ് 0 
ܸߜ) ് 0), then ܧߜ ൌ ݍ ∙ ܸߜ ് 0. Therefore, this process is limited to the equilibrium surface but not to 
the isoenergy surface. 

(3) Isochoric pressure responsivity 

The isochoric pressure responsivity is defined by the pressure response with the temperature change at 
constant volume. 

ܴ ≡
1
ݍ
൬
ݍ߲
߲ܶ
൰

ൌ
1
ܶ

1
ߤ
൬
ߤ߲
߲ܶ
൰

		. (86) 

ܴ is similar to the isochoric coefficient of pressure. In isochoric process (ܸߜ ൌ 0), if ܴ ് ݍߜ) 0 ് 0), 
then ܧߜ ൌ ܸ ∙ ݍߜ ് 0. This process is not limited to the isoenergy surface. 

(4) Isothermal volume responsivity 

The isothermal volume responsivity is defined by the negative value of the volume response with the 
pressure change at constant temperature. 

்ܴ ≡ െ
1
ܸ
൬
߲ܸ
ݍ߲
൰
்

ൌ
1
ݍ

1
ߤ
൬
ߤ߲
ݍ߲
൰
்

		. (87) 

்ܴ is similar to the isothermal compressibility. In isothermal process (ܶߜ ൌ 0), if ்ܴ ് ܸߜ) 0 ് 0, 
ݍߜ ് 0), then ܧߜ ൌ ݍ ∙ ܸߜ  ܸ ∙ ݍߜ ് 0. This process is also not limited to the isoenergy surface. 

(5) Isoenergy volume responsivity 

The isoenergy volume responsivity ܴா is defined by the negative value of the volume response with the 
pressure change at constant entire energy. If ܧߜ ൌ ݍ ∙ ܸߜ  ܸ ∙ ݍߜ ൌ 0, we have 

ܴா ≡ െ
1
ܸ
൬
߲ܸ
ݍ߲
൰
ா

ൌ
1
ݍ
		. (88) 

ܴா is similar to the adiabatic compressibility. This process takes place along the intersection of the 
equilibrium surface and the isoenergy surface. 

(6) Isobaric energy capacity 

The isobaric energy capacity is defined by the change of entire energy with the change of temperature at 
constant pressure. It can be obtained by using the equation of state and the definition of the isobaric 
volume responsivity as 

ܥ ≡ ൬
ܧ߲
߲ܶ
൰

ൌ ݍ ൬

߲ܸ
߲ܶ
൰

ൌ ܧ ∙ ܴ		. (89) 

(7) Isochoric energy capacity 

The isochoric energy capacity is defined by the change of entire energy with the change of temperature 
at constant volume. It can be obtained by using the equation of state and the definition of isochoric 
pressure responsivity as 

ܥ ≡ ൬
ܧ߲
߲ܶ
൰

ൌ ܸ ൬

ݍ߲
߲ܶ
൰

ൌ ܧ ∙ ܴ		. (90) 

5.3  Thermodynamic Theorems 

(1) Generating equation 

According to Eqs. (75) and (82), the rotary and thermal energies of cluster are ߣ ൌ ଶݍ ௦ܸ and ߠ ൌ  ,ߪܶ
respectively. Because ߢ ൌ ߠ െ  the differential of the translatory energy of the cluster is ,ߣ

ߢ݀ ൌ ݀ሺߠ െ ሻߣ ൌ ݀ሺܶߪ െ ଶݍ ௦ܸሻ ൌ ߪ݀ܶ  ܶ݀ߪ െ ሺݍଶ݀ ௦ܸ  ௦ܸ݀ݍଶሻ  
 ൌ ሺܶ݀ߪ െ ଶ݀ݍ ௦ܸሻ െ ሺെܶ݀ߪ  ௦ܸ݀ݍଶሻ ൌ ݀߭ െ  (91) .	ߛ݀
where 
 ݀߭ ൌ ߪ݀ܶ െ ଶ݀ݍ ௦ܸ	,						݀ߛ ൌ െܶ݀ߪ  ௦ܸ݀ݍଶ	. (92) 
So, we can calculate the differential of chemical energy as 
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ܩ݀ ൌ ݀ሺߛܥሻ ൌ ߛ݀ܥ  ܥ݀ߛ ൌ ܶ݀ߪሺെܥ  ௦ܸ݀ݍଶሻ   .	ܥ݀ߛ
Because ܵ ൌ ܸ and ߪܥ ൌ ܥ ௦ܸ, we have 
ܩ݀  ൌ െܵ݀ܶ  ଶݍܸ݀   (93) .		ܥ݀ߛ
Substituting ݀ܩ ൌ ߛ݀ܥ   into the above formula, we obtain a relation similar to the Gibbs formula ܥ݀ߛ
in thermodynamics 
 ܵ݀ܶ െ ଶݍܸ݀  ߛ݀ܥ ൌ 0		. (94) 
Above formula is called generating equation. 

(2) Energy equations 

By Legendre transformation of the generating equation, we can obtain a set of equivalent equations. For 
example, by substituting ݀ܳ ൌ ܵ݀ܶ  ܶ݀ܵ into (94), we have ݀ܳ ൌ ܶ݀ܵ  ଶݍܸ݀ െ  which is called ,ߛ݀ܥ
energy equation. For easy of comparison, we list the energy relations and the energy equations of liquid in 
Table 8. 

Table 8. Energy relations and energy equations of liquid 

Energy Relation Equation 
Vibratory energy ܪ ൌ ܬ  ܭ ൌ ܮ െ ܩ ൌ ܳ െ ܷ ܪ݀ ൌ ܵ݀ܶ  ଶܸ݀ݍ െ  ܥ݀ߛ
Rotary energy ܮ ൌ ܪ  ܩ ൌ ܳ െ ,ܭ ܮ ൌ ଶܸݍ ܮ݀ ൌ ܵ݀ܶ  ଶܸ݀ݍ   ߛ݀ܥ

Translatory energy ܭ ൌ ܪ െ ܬ ൌ ܳ െ ܮ ൌ ܷ െ ܩ ܭ݀ ൌ ܶ݀ܵ െ ଶܸ݀ݍ െ  ߛ݀ܥ
Thermal energy ܳ ൌ ܮ  ܭ ൌ ܪ  ܷ, ܳ ൌ ܵܶ ݀ܳ ൌ ܶ݀ܵ  ଶݍܸ݀ െ  ߛ݀ܥ
Chemical energy ܩ ൌ ܮ െ ܪ ൌ ܷ െ ,ܭ ܩ ൌ ߛܥ ܩ݀ ൌ െܵ݀ܶ  ଶݍܸ݀  ܥ݀ߛ
Internal energy ܷ ൌ ܭ  ܩ ൌ ܭ  ܮ െ ܪ ൌ ܮ െ ܬ ܷ݀ ൌ ܶ݀ܵ െ ଶܸ݀ݍ   ܥ݀ߛ

Enthalpy ܻ ൌ ܳ  ܩ ൌ ܭ  ܮ2 െ ܪ ܻ݀ ൌ ܶ݀ܵ  ଶݍܸ݀   ܥ݀ߛ
Zero 0 ൌ ܳ െ ܳ ൌ ܮ െ ܮ ൌ ܩ െ ܩ 0 ൌ ܵ݀ܶ െ ଶݍܸ݀   ߛ݀ܥ

 
The energy equations of liquids have similar forms to the fundamental thermodynamic relations [10]. A 

notable difference is that ݍଶ in the equations represents the density of rotary energy, which is different 
from the classical concept of pressure. Comparing the liquid energy equations with the fundamental 
thermodynamic relations, we can see that the thermal energy ܳ is the heat quantity, ܵ is entropy, ܩ is 
Gibbs free energy, ܷ is internal energy, ܻ is enthalpy, െܪ is Helmholtz free energy, െܮ is grand 
potential of thermodynamics. It will be seen that the thermodynamic laws can be fully derived from the 
axiom of body particles with the statistics of cluster ensemble. 

(3) Thermodynamic laws 

Motion persistence theorem [9] contains the third law of thermodynamics. The motion of particles 
includes three modes of translation, rotation and vibration. The total energies of the three modes are 
,ܭ ,ܮ  respectively. The non-stop motion of particles ensures the positive definiteness of the motional ,ܪ
energy. ܭ ൌ ܰ݇ܶ  0 , i.e., the thermodynamic temperature ܶ  cannot reach to zero, which is an 
expression of the third law of thermodynamics. Positive definiteness of motional energy also includes the 
non-zero rotation intensity (z  0) and the non-zero vibration intensity (ݒ  0). 

The existence of equilibrium state in energy space is the basis of the zeroth law of thermodynamics. 
There are three equilibrium surfaces in the energy space, in which the translation surface represents the 
thermal equilibrium, and the equilibrium parameter is the translation intensity ܶ  (thermodynamic 
temperature). The other two surfaces represent rotation equilibrium and vibration equilibrium. The 
equilibrium parameters are rotation intensity ݖ and vibration intensity ݒ (frequency), respectively. 

The equations listed in Table 8 contain the first and second laws of thermodynamics. The present of 
rotary energy in equations is one of the most important discoveries in the body particle theory. Due to the 
introduction of rotary energy, a set of consistent and complete thermodynamic relations was discovered. In 
liquid zone, the vibratory energy ܪ ൌ ܭ   is mechanical energy, which can be completely converted into ܬ
thermodynamic work. The translatory energy ܭ includes both the directional motion of the object (which 
can be converted into work) and the disordered motion of particles (which represents the effect of entropy). 
Rotary energy ܮ ൌ  ଶܸ can be partially converted into work through volume change, and the unconvertedݍ
part also contributes to entropy. In the new theory, the thermal energy ܳ ൌ ܮ   replaces the heat ܭ
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amount, and entropy ܵ ൌ ܳ ܶ⁄  comes from both translatory energy and rotary energy. From the 
expressions of internal energy ሺܷ ൌ ܮ െ ሻ and thermal energy ሺܳ	ܬ ൌ ܮ   ሻ, we can see that the role ofܭ
rotary energy is implied in the first law (by internal energy) and the second law (by entropy) of the 
thermodynamics. The role of rotary energy has not been well recognized in current physics, so it is 
impossible to reveal the essence of the laws of thermodynamics. The fundamental reason is that the 
particle model of current physics is too idealized. The point-like particles in classical physics and the 
wave-like particles in modern physics well describe the motion modes of translation and vibration, 
respectively, but not well for rotation mode. Only the body particle model can characterize the motion of 
particle system in a unified way. 

6   Phase Transition 

6.1  Concept of Phase Transition 

As mentioned in section 3.3, the energy space is the first ctant of Cartesian coordinate system with ܪ, ,ܮ  ܭ
as its axes. The energy space is divided into six phases (Bሾܩା௫ሿ, Bሾିܩ௫ሿ, ݔ ൌ ݄, ݈, ݇) by six interfaces (Sሾܬ௫ሿ, 
Sሾܩ

௫ሿ). Sሾܬ௫ሿ is called J-type interface which is the plane of zero potential energy. Sሾܬ௫ሿ separate the 
energy space into three zones. Sሾܩ௫ሿ is called G-type interface which is the plane of zero chemical energy. 
Sሾܩ

௫ሿ divide each zone into two phases,	ܩ௫  0 and ܩ௫ ൏ 0. 
Phase transition is a physical process or macroscopic phenomenon in which the state of an object 

changes from one phase to another. There are two types of phase transition corresponging to the two types 
of phase interfaces. The transition passing through the plane Sሾܬ௫ሿ is called J-type phase transition, and 
the transition passing through the plane Sሾܩ௫ሿ is called G-type phase transition. 

There are three equilibrium surfaces Sሾܪሿ, Sሾܮሿ and Sሾܭሿ , satisfying ܪ ൌ ܭܮ2√ ܮ , ൌ ܪܭ2√  and 
ܭ ൌ  respectively. The phase transition that keeps two states on the stable equilibrium surface is ܮܪ2√
equilibrium phase transition, otherwise it is non-equilibrium phase transition. Only equilibrium phase 
transition is discussed in this article. It is possible for the state of an object to enter the excitation area 
from the stable area of an equilibrium surface without phase change. That process is called excitation. 

6.2  J-type Phase Transition 

(1) Two phase equilibrium 

The J-type phase transition occurs on the J-type interfaces Sሾܬ௫ሿ. The interfaces Sሾܬሿ, Sሾܬ ሿ and Sሾܬሿ 
separate the energy space into three zones Bሾܪሿ, Bሾܮሿ and Bሾܭሿ, representing gas, solid and liquid, 
respectively. 

The straight line where the two equilibrium surfaces intersect is called the transition line. There are 
three transition lines: gas-solid transition line Lሾܮܪሿ ൌ Sሾܪሿ⋂Sሾܮሿ, solid-liquid transition line Lሾܭܮሿ ൌ
Sሾܮሿ⋂Sሾܭሿ and liquid-gas transition line Lሾܪܭሿ ൌ Sሾܭሿ⋂Sሾܪሿ. Since a transition line is located on the 
interface of two zones, there are two sets of energy in a transition line corresponding to the two zones. 
Table 9 lists the energies in the transition lines. 

Table 9. Energies in transition lines 

Surface Sሾܪሿ Sሾܮሿ Sሾܭሿ 
Line Lሾܪܭሿ Lሾܮܪሿ Lሾܮܪሿ Lሾܭܮሿ Lሾܭܮሿ Lሾܪܭሿ 
ܭ 2ܮ2 ܪ ܭ2 ܪ ܪ  ܮ2
ܭ 2ܮ ܮ ܭ2 ܪ2 ܪ2  ܮ
ܭ ܮ2 ܭ ܭ ܪ2 ܪ2  ܮ2
ܭ 3ܮ3 ܧ ܭ3 ܪ3 ܪ3  ܮ3
ܭ 3ܮ4 ܳ ܭ4 ܪ3 ܪ4  ܮ3
 0ܮെ ܬ െܭ 0 െܪ 0 
ܭ െܮ ܩ ܭ െܪ ܪ െܮ 

(2) Phase transition mechanism 
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The point at the transition line is called the transition point. The process of J-type transition is: when 
the state in ݔ zone reaches at transition point A, it changes along the transition line, and then enters ݕ 
zone at another point B. 

For example, the liquid-gas transition line Lሾܪܭሿ is a straight line satisfying the relation ܭ ൌ ܪ ൌ  .ܮ2
The state vectors before and after the transition are 

ࡱ ൌ
1
3
ሺ2ܑܧ  ܒ  ࡱ			,ሻܓ2 ൌ

1
3
ሺ2ܑܧ  ܒ   . (95)	ሻܓ2

The ahead parameters in the transition line and their difference are 
 ܽ ൌ ܪ ܭ ൌ 1⁄ ,			ܽ ൌ ܮ ܪ ൌ 1 2⁄⁄ ;		∆ܽ ൌ ܽ െ ܽ ൌ െ1 2	.⁄  (96) 
The difference of potential energy before and after transition is 
ܬ∆  ൌ ܬ െ ܬ ൌ ሺܮ െ ሻܪ െ ሺܪ െ ሻܭ ൌ െܮ	. (97) 
The phase transition from liquid to gas absorbs energy, which is called latent energy. The latent energy of 
liquid-gas transition is equal to the rotary energy of the gas phase. 

Similarly, the gas-solid transition line Lሾܮܪሿ is a straight line satisfying ܪ ൌ ܮ ൌ ܭ2 . The order 
parameter before and after the phase transition have a 1/2 jump, and the latent energy is equal to the 
translatory energy of the solid phase ሺܭሻ. The solid-liquid transition line Lሾܭܮሿ is a straight line 
satisfying ܮ ൌ ܭ ൌ  The order parameter before and after the phase transition have a 1/2 jump, and .ܪ2
the latent energy equals the vibratory energy of the liquid phase ሺܪሻ. Generally speaking, J-type phase 
transition is characterized by the latent energy and 1/2 jump of order parameter. 

(3) Liquid-gas phase transition 

Take the gas-liquid phase transition as an example. If the phase transition temperature ܶ, molar latent 
energy ∆ܬ , and molar volume ܸ

  and ܸ
  are known, we can determine all the phase transition 

parameters. (Boltzmann constant ݇ ൌ 1.38065 ൈ 10ିଶଷJ ∙ Kିଵ , Avogadro constant ܰ ൌ 6.02214 ൈ
10ଶଷmoleିଵ) 

Table 10. Parameters of liquid-gas phase transition 

Paremeters Liquid state Gas state 
Molar volume ܸ


ܸ
 

Vibratory energy ܪ ൌ ܭ ܪ ൌ  ܮ2
Rotary energy ܮ ൌ ܭ 2⁄ ܮ ൌ  ܬ∆

Translatory energy ܭ ൌ ܰܭ௦ ܭ ൌ  ܮ2
Potential energy ܬ ൌ ܪ െ ܭ ൌ 0 ܬ ൌ ܮ െ ܪ ൌ െܮ 
Entire energy ܧ ൌ ܪ  ܮ ൌ ܭ3 2⁄ ܧ ൌ ܭ  ܮ ൌ  ܮ3
Energy density ݍ ൌ ܧ ܸ

⁄ ൌ ሺ3 2⁄ ሻܭ
ܸ
⁄ ݍ ൌ ܧ ܸ

⁄ ൌ ܮ3 ܸ
⁄  

Energy scale ௦ܭ ൌ ݇ܶ ௦ܪ ൌ ܪ
ܰ ൌ⁄ ܮ2 ܰ⁄  

Order parameter ܽ ൌ ܪ ⁄ܭ ൌ 1 ܽ ൌ ܮ ⁄ܪ ൌ 1 2⁄  
 
For example, the phase transition temperature of water at standard atmospheric pressure is 

ܶ ൌ 373.15K, the molar latent energy (heat of vaporization) is ܮ ൌ 40626	J, the molar volume of liquid 
water is ܸ

 ൌ 18.612 ൈ 10ିmଷ, The molar volume of water vapor is ܸ
 ൌ 30114 ൈ 10ିmଷ. It can be 

find that ܭ௦ ൌ 5.1519 ൈ 10ିଶଵ	J , ܭ	 ൌ ܪ ൌ 3102.5	J ܮ , ൌ 1551.3	J ܧ , ൌ 4653.8	J , ݍ	 ൌ 2.5004 ൈ
10଼	J ∙ mିଷ. ܭ ൌ ܪ ൌ 81252	J, ܧ ൌ 121878	J, ݍ ൌ 4.0472 ൈ 10	J ∙ mିଷ, ܪ௦ ൌ 1.3492 ൈ 10ିଵଽ	J. 

6.3  G-type Phase Transition 

(1) Symmetrical states 

The state vectors on the plane Sሾܩ௫ሿ have the following form 

ࡱ ൌ
1
2
൫√2ܑܧ  ܒ  ࡱ				,൯ܓ ൌ

1
2
൫ܑܧ  ܒ2√  ࡱ			,൯ܓ ൌ

1
2
൫ܑܧ  ܒ   . (98)	൯ܓ2√

Because ሺ1,1, √2ሻ are incommensurable, there is no digital state on the plane Sሾܩ௫ሿ. Hence, G-type 
interface is called the forbidden plane. Unlike J-type transition that occurs on the plane of zero potential 
energy, G-type phase transition does not occur on the plane of zero chemical energy. 
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It can be seen from Fig. 2 that	Sሾܩ௫ሿ is the symmetrical plane of two stable areas: Sሾܩା௫ሿ and Sሾିܩ௫ሿ. 
Each stable state on Sሾܩା௫ሿ has a symmetrical state on	Sሾିܩ௫ሿ. Two stable states with Sሾܩ௫ሿ as the 
symmetrical plane are called symmetrical states. Symmetrical states have following features: equal major 
energy, equal entire energy, equal digit and opposite sign chemical energy. 

(2) Phase transition mechanism 

The G-type transition occurs when the two symmetrical states (Sሾܩା௫ሿ and Sሾିܩ௫ሿ) switch to each other 
along a phase transition arc (Lሾܧ௫ሿ). The phase transition arc is a circular arc connecting two stable 
symmetrical states. It is the intersection of the isoenergetic surface and the stable equilibrium surface. 

There are three transition arcs, which are Lሾܧሿ ൌ Sሾܧሿ⋂Sሾܪሿ , Lሾܧሿ ൌ Sሾܧሿ⋂Sሾܮሿ  and Lሾܧሿ ൌ
Sሾܧሿ⋂Sሾܭሿ. The corresponding equations of the transition arcs are ሺܧሻଶ ൌ ܭܮ2  ሺܮሻଶ  ሺܭሻଶ, 
ሺܧሻଶ ൌ ሺܪሻଶ  ܭܪ2  ሺܭሻଶ and ሺܧሻଶ ൌ ሺܪሻଶ  ሺܮሻଶ   .ܮܪ2

The G-type phase transition occurs in the same zone, so there are three kinds: gas phase transition, solid 
phase transition and liquid phase transition. Examples of G-type transition include ferromagnetic 
transitions, superconducting and superfluid transitions in condensed matter. 

(3) Solid phase transition 

For solid, all digital states and energy levels on the rotation equilibrium surface can be easily calculated 
according to the entire energy ܧ෨ ൌ ෩ܪ  ෨ଶܮ ෩ and the equilibrium conditionܭ ൌ  ෩. The calculationܭ෩ܪ2
shows that the symmetrical states on the stable equilibrium surface is sparse. Table 11 lists the four pairs 
of symmetrical states with the smallest entire energy. 

Table 11. Solid symmetrical states 

෩ 9 8 18 16ܪ 25 18 27 24  
෨ 12 12 24 24ܮ 30 30 36 36  
෩ 8 9 16 18ܭ 18 25 24 27  
෨ 17 17 34 34ܧ 43 43 51 51  
 Sሾܩା ሿ Sሾିܩ ሿ Sሾܩା ሿ Sሾିܩ ሿ Sሾܩା ሿ Sሾିܩ ሿ Sሾܩା ሿ Sሾିܩ ሿ  

 
For example, when ܧ෨ ൌ 17, the vectors of state Sሾܩା ሿ and state Sሾିܩ ሿ are ܧ෨ା ൌ 9i  12j  8k and 

෨ିܧ ൌ 8i  12j  9k, respectively. The rotary energy and the entire energy of the two states are unchanged, 
and the translatory energy and the vibratory energy are converted to each other. The change of order 
parameter is ∆ܽ ൌ ܽି െ ܽା ൌ 1 12⁄ ൏ 0.5  . The changes of thermal energy, chemical energy and 
potential energy are ∆ ෨ܳ ൌ ෨ܳି െ ෨ܳା ൌ െ1 ෨ܩ∆ , ൌ ෨ିܩ െ ෨ାܩ ൌ െ2 and ∆ܬሚ ൌ ሚିܬ െ ሚାܬ ൌ 1 , respectively. 
Since the entire energy keeps unchanged during the switch of modes of motion, the G-type transition does 
not exchange energy with the environment. However, the mode switch will inevitably lead to the change of 
the internal structure of the object. 

7   Conclusions 

The energy space composed of three motion modes of body particles completely represents the motion 
state of the object. The energy of objects can be decomposed by volume and number of particles, while the 
cluster ensemble statistics provides a new way of energy decomposition. Different energy decomposition 
offers multiple choices for studying the state and structure of the object. 

The statistical principle of cluster ensemble is similar to that of computer tomography. Cluster ensemble 
is a set of isochronous sections of particle configuration in three-dimensional space, and each section is a set 
of cubic cells with equal volume. Cluster matrix is an accurate description of the cluster ensemble. In 
principle, knowing the structure and distribution of clusters, one can calculate the mass correlation, inertia 
correlation and modulus correlation. Knowing the particle number, the energy scale and the statistical 
correlation, the equilibrium state of an object can be fully determined. 

The partition function of cluster ensemble reveals the relationship between the motion, energy and 
volume of an object. The results show that the motion of particles is the origin of energy and the reason 
why objects have volume. There are clear quantitative relationships between the volume of an object and 
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the energy of three modes of motion of the internal particles. In other words, motion generates energy, and 
energy produces volume. 

Cluster statistics gives complete energy relations and differential equations, which include the basic laws 
of thermodynamics. Particle field theory, energy state theory and cluster ensemble theory used different 
statistical methods, but they all base on the model of body particles. To understand and explain the 
physical world from the motion of body particles, its simplicity and consistency make us firmly believe that 
nature really works according to a unified law. 
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